PROBABILISTIC UNIVERSALITY IN 
TWO-DIMENSIONAL DYNAMICS 



M. LYUBICH, M. MARTENS 

Abstract. In this paper we continue to explore infinitely renor- 
malizable Henon maps with small Jacobian. It was shown in jCLM) 
that contrary to the one-dimensional intuition, the Cantor attrac- 
tor of such a map is non-rigid and the conjugacy with the one- 
dimensional Cantor attractor is at most l/2-H61der. Another for- 
mulation of this phenomenon is that the scaling structure of the 
Henon Cantor attractor differs from its one-dimensional counter- 
part. However, in this paper we prove that the weight assigned by 
the canonical invariant measure to these bad spots tends to zero on 
microscopic scales. This phenomenon is called Probabilistic Uni- 
versality. It implies, in particular, that the Hausdorff dimension of 
the canonical measure is universal. In this way, universality and 
rigidity phenomena of one-dimensional dynamics assume a proba- 
bilistic nature in the two-dimensional world. 
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1. Introduction 

Renormalization ideas have played a central role in Dynamics since 
the discovery of the Universality and Rigidity phenomena by Feigen- 
baum [F], and independently by Coullet and Tresser |CT] . in the mid 
1970s. Roughly speaking, it means that different systems in the same 
"universality class" have the same small scale geometry. In the one- 
dimensional setting this phenomenon has been viewed from many an- 
gles (statistical physcis, geometric function theory, Teichmiiller theory, 
hyperbolic geometry, infinite-dimensional complex geometry) and by 
now has been fully and rigorously justified, see |Ep] , |FMPj . [L], |Lanj . 
|Ma2] . |McM] . [S] and references therein. 

In |CT] Coullet and Tresser also conjectured that these phenom- 
ena would also be valid in higher dimensional systems, even in infinite 
dimensional situations. Indeed, computer and physical experiments 
that followed suggested that universality and rigidity hold in much 
more general context. The simplest test case for it is the dissipative 
Henon family which can be viewed as a small perturbation of the one- 
dimensional quadratic family. However, it was shown in |CLMj that 
Universality and Rigidity break down already in this case. This puts 
in question the relevance of one-dimensional models for higher dimen- 
sional problems. 

In this paper we provide a resolution of this unsatisfactory situation: 
namely, we show that for dissispative Henon maps, small scale univer- 
sality is actually valid in probabilistic sense, almost everywhere with 
respect to the canonical invariant measure. Probabilistic universality 
and probabilistic rigidity phenomena may be valid for higher dimen- 
sional (including infinite dimensional) systems which are contracting 
in all but one direction. 

Let us now formulate our results more precisely. We consider a class 
of dissipative Henon-like maps on the unit box = [0, 1] x [0, 1] of 
form 

(1.1) F{x,y) = {f{x) - e{x,y),x), 

where f{x) is a unimodal map with non-degenerate critical point and 
e is small. It maps on a slightly thickened parabola x = f{y)- Such 
a map is called renormalizable if there exists a smaller box B^ G B^ 
around the tip of of the parabola which is mapped into itself under 
F"^. The renormalization for F is the map RF = \E'~^ o o \|/, where 
\E' : i?*^ — )■ is an explicit non-linear change of variable ( "rescaling" ) 
that brings to the normal form of type (11.11) . 
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If RF is in turn renormalizable then F is called twice renormalizble, 
etc. In this paper we will be concerned with infinitely renormalizable 
Henon-likc maps. Such a map admits a nest of 2"-periodic boxes D 
D D . . . shrinking to the tip r of F. The n*''-renormalization 
cycle is the orbit -B" = {5f = f{B"),z = 0, 1, ... 2" - 1}. We obtain 
a hierarchy of such cycles shrinking to the Cantor attractor 

oo 2"-l 

n=0 i=0 

on which F acts as the dyadic adding machine. In particular, the 
dynamics on Op is uniquely ergodic, so wc obtain a canonical invariant 
measure ii supported on Op- We define the average Jacobian of F as 
follows: 

bp — exp / logJacF(i/x. 
Jof 



Consider a strongly dissipative infinitely renormalizable Henon-like 
map. The geometry of a piece B E B"' can be very different from the 
geometry of the corresponding piece / of the one-dimensional renormal- 
ization fixed point The pieces of the one-dimensional system are 
small intervals. Take a piece B E and the two pieces -81,-62 £ 
with -81,-82 C B. Let /,/i,/2 be the corresponding pieces of /*. The 
piece B oi F has e— precision if after one simultaneous rescaling and 
translation A : — )■ we have that the (Hausdorff) distance be- 
tween / and A{B), Ii and A{Bi), I2 and A{B2) is at most e ■ diam(/). 
The triples Bi, B2 G B and /i, /2 C / are geometrical almost the same. 

Collect the pieces of the n*'*— cycle with e— precision in 

SSn{e) = {B E B^\B has e — precision}. 

Definition 1.1. The geometry of the Cantor attractor Op oi a, dis- 
sipative infinitely renormalizable Henon-like map is probabilistically 
universal if there exists 9 <1 such that 

Theorem 1.1. (Probabilistic universality) The geometry of the Cantor 
attractor of a strongly dissipative infinitely renormalizable Henon-like 
map is probabilistically universal. 

Definition 1.2. The Cantor attractor Op oi a. dissipative infinitely 
renormalizable Henon-like map is probabilistically rigid if the conju- 
gation h : Op ^ Of^ to the attractor Of^ of the one-dimensional 
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renormalization fixed point /* has the following property. There ex- 
ist (3 > 0, and a sequence Xi C X2 C X3 C ■ ■ ■ C Op such that 
h : Xtv -> h{Xiy) C C/, is (1 + /3)-differentiable, and fi{Xiy) 1. 

Theorem 1.2. (Probabilistic Rigidity) The Cantor attractor of a dissi- 
pative infinitely renormalizable Henon-like map is probabilistically rigid. 

The Cantor attractor Op is not part of a smooth curve, see [CLMj . 
However, large parts of it, the sets 

k>N 

where 6' < 1 is close enough to 1 satisfy 

Theorem 1.3. Each set Xjv G Op is part of a smooth C^^^ — curve. 

Let iijf be the invariant measure on Of^, the attractor of the one- 
dimensional renormalization fixed point. A consequence of probabilis- 
tic rigidity is 

Theorem 1.4. The Hausdorff dimension is universal 

HD^{Of) = HD^XOu)- 

The theory of universality and rigidity became a probabilistic geo- 
metrical theory for Henon dynamics. 

We prove the above results by introducing the so-called pushing-up 
machinery. This method locates the pieces in the ra^'^-renormalization 
cycle that have exponential precision. The difficulty is that the or- 
bit between two such good pieces may pass through poor pieces, so 
one cannot recover all good pieces by simple iteration of the original 
map. Instead, the pushing-up machinery relates pieces in the same 
renormalization cycle by means of the diffeomorphic rescalings built 
into the notion of renormalization. The distortion of these rescalings 
can be controlled if the two pieces under consideration, viewed from an 
appropriate scale, do not lie "too deep" (in the sense precisely defined 
below) . This machinery might have applications beyond the present 
situation. 

For the reader's convenience, the pushing-up machinery will be in- 
formally outlined in ^ Also more special notations are collected in 
the Nomenclature. For a survey on Henon renormalization see [LM2]. 
For early experiments and results on Henon renormalization see [CEKJ, 
[C^ . and pgr] . 

Acknowledgment. We thank all the institutions and foundations 
that have supported us in the course of this work: Simons Mathematics 
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and Physics Endowment, Fields Institute, NSF, NSERC, University of 
Toronto. In fall 2005, when M. Feigenbaum saw the negative results of 
|CLM] . he made computer experiments that suggested that the univer- 
sal scaling of the attractor is violated very rarely. Our paper provides a 
rigorous justification of Feigenbaum's experiments and conjectures. We 
also thank C. Tresser for many valuable renormalization discussions, 
and R. Schul for interesting comments on [J]. 

2. Outline 

2.1. Infinitely renormalizable Henon-Iike maps. We will start 
with outlining the set-up developed in |CLMt ILMlj - see ^ for de- 
tails. 

We consider a class "H = 'H{e) of Henon-like maps of the form 

F: {x,y) H-^ (/(x) -e{x,y),x), 

acting on the unit box = [0, 1] x [0, 1], where f{x) is a unimodal 
map subject of certain regularity assumptions, and ||£|| < eis small (for 
an appropriate norm). If the unimodal map / is renormalizable then 
the renormalization Fi = RF G "H is defined as (^E'o)"^ ° (-^^IsO ° ^o; 
where is a certain box around the tip, a point which plays the role of 
the "critical value", and \I'q : Dom(Fi) — t- B^ is an explicit non-linear 
change of variables. 

Inductively, we can define n times renormalizable maps for any n G 
M, and consequently, infinitely renormalizable Henon-like maps. For 
such a map the ra-fold renormalization F„ = R^F G is obtained as 
(\E'g)~^ o [F'^"\b") o ^q, where B^ is an appropriate renormalization 
box, \I'q : Dom(F„) — > i?" is a non-linear change of variables. 

These boxes B^ form a nest around the tip of F: 

B'^ D B^ D ■■■D B" D ■■■3T 

Taking the iterates F^B^, k = 0, 1, . . . , 2" — 1, we obtain a family 
j^n q£ 2" pieces {BJ^}, called the n*^^ renormalization level, that can be 
naturally labelled by strings u G {c, f}" in two symbols, c and v, with 
B^n = 5". See Pfor details. Then 

n u) 

is an attracting Cantor set on which F acts as the adding machine. 
This Cantor set carries a unique invariant measure /x. This allows us 
to introduce the most important geometric parameter attached to F, 
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its average Jacobian 

bp = exp / logJacFc//i. 
Jof 

Usually, we will denote the average Jacobian with b. 
The size of the boxes decays exponentially: 

(2.1) diamE^ < Ca'^, 

where a G (0, 1) is the universal scaling factor (coming from one- 
dimensional dynamics) while C = C{e) depends only on the geometry 
of F. 

A surprising phenomenon discovered in |CLMj is that unlike its one- 
dimensional counterpart, the Cantor set Op does not have universal 
geometry: it essentially depends on the average Jacobian b. However, 
the difference appears only in scale of order b: if all the pieces BJ^ of 
level n are much bigger than b then the geometry of the pieces 5" is 
controlled by one-dimensional dynamics: the pieces are aligned along 
the parabola x = f{y) with thickness of order b. According to (12. ip . 
this happens whenever 

(2.2) aa" > b 
with sufficienty small (absolute) a > 0, i.e., when 

(2.3) n < c\ log 61 — A, where c = r, A 

\hga\ 

We will call these levels safe. 

2.2. Random walk model. To any point x & O = Op we can assign 
its depth 

depth(x) = k{x) = sup{k : x G B''} G N U {oo}. 

Here the tip is the only point of infinite depth. If depth(x) = k then 
X & = B^ \ B^^^ (see Figure EH] and 14. ip . We say that a point 
X G (9 is combinatorially closer to r than y E O ii k{x) > k{y). We 
will now encode any point x G C by its closest approaches to r in 
backward time. Namely, let us consider the backward orbit {F~*x}^q, 
and mark the moments ('^ = 0, 1, . . . ) of closest approaches, i.e., at 
the moment t^ the point combinatorially closer to r 

than all previous points F~^x, t = 0,l,...,tm — 1- Since the dynamics 
of F on (9 is the adding machine, this is an infinite sequence of moments 
for any x ^ orb(r). If x = F^{t), we terminate the code at the moment 
t. Let 

km{x) = k{xm), m = 0, 1, . . . , 



log a 
log cr' 
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Figure 2.1. 



be the sequence of the corresponding depths. Obviously, both se- 
quences, i = {tm} and k = {km} are strictly increasing. 

For any depth k, let us consider the first return map (see Figure 12.11 
and HI]). 

and the first landing map in backward time 

2*-l 

Lk ■■ U ^ Lk{x) = F-'^x, for x e 

m=0 

Then we have by definition: 

Let S stand for the space of strictly increasing sequences k = {k^} oi 
symbols km G NU{cxd} that terminate at moment m if and only if km = 
oo. Endow S with a weak topology and the measure v corresponding to 
the following random walk on N: the probability of jumping from k 
to / e N is equal to 1/2^^^ ifl > k, and it vanishes otherwise. The initial 
distribution on N is given by i^{k} = 1/2^"*"^. We let jm '■= km+i — km 
be the jumps in our random walk. 

Lemma 2.1. The coding x k{x) establishes a homeomorphism be- 
tween O and S and a measure-theoretic isomorphism between (C, jj) 
and (S, v). 
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We can also consider the random walk that stops on depth n. This 
means that we consider the orbit F~^x only until the moment it lands 
in 5". The corresponding (finite) coding sequence {fcm}m=o defined 
as follows: = whenever km < n (m = 0,1...,T — 1), while 
kx = n. (In what follows we will skip "tilde" in the notation as long 
as it would not lead to confusion.) 

Fix an increasing control function s : N — Z_|_. We say that a 
sequence k = {km}m=o s-controlled after a moment N if j.^ < s(fcm) 
for all km > N . We say that a point x & O is s-controlled after moment 
N ii its code k{x) is such. The set of these points is denoted by Kj^. 

Lemma 2.2. Under the summability assumption 

oo ^ 

77T < OO 

2s(fc) 

A:=0 

we have 

oo 

-{K^)>l-0iJ2^). 

k=N 

Proof. It follows immediately from the definition of the random walk, 
using the monotonicity of the control function, that 



k=N 

which implies the Lemma. □ 

2.3. Geometric estimates. Our analysis depends essentially on the 
geometric control of the renormalizations and changes of variables es- 
tablished in |CLM] . 

The renormalizations have the following nearly universal shape: 

(2.4) R-F = (/„(x) - b'" a{x) y{l + 0(p")), x ), 

where the converge exponentially fast to the universal unimodal map 
f^, a{x) is a universal function, and p e (0, 1). 

The changes of variables : Dom(F') — > Dom(F'^) have the follow- 
ing form: 

(2.5) ¥, = Dio{id+Si), 
where 

(2.6) 4= (J t)(<T ^-!!Y-^)(^-^0(/)). 
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is a linear map with tk bp , while id+S{. : {x,y) ^-^ {x + Sl{x,y),y) 
is a horizontal non-linear map with 

\d,Si\ = 0{l), \dySi\=0{e''). 

2.4. Regular boxes. In this section we outline the results of ^ 
For any x G O, we let Bn{x) be the box 5" G i3" containing x (in 

particular, -B„(r) = S"). Let i3" = \ {-B"} stand for the family of 

boxes 5" that do not contain the tip. 

Notice that the depth of all points x in any box i? G i3" is the same, 

so it can be assigned to the box itself. In other words, 

depth(5) = snp{k : 5 C 5^^} G {0, 1, . . . n - 1}. 

Let / < n, be the family of all boxes of level n whose depth is /. 

Note that contains 2"~'~^ boxes. 

We can view the box B in the renormalization coordinates on various 
scales. Namely, to view B from scale k < n means that we consider its 
preimage B under the (nonlinear) rescaling : Dom(Ffc) — )■ B''. The 
main scale from which B will be viewed is its depth k, so from now on 
B := {'$q)~^{B) will stand for the corresponding box (see Figure \^72\i . 
This seemingly minor ingredient plays a crucial role in the estimates. 

A box B as above is called regular if the horizontal and vertical pro- 
jections of B are i^'-comparable, where K > is a universal constant, 
to be specified in the main body of the paper. In other words, mod B 
(the ratio of the the vertical and horizontal sizes of B) is of order 1. 

We will control depth by the control function 

(2.7) s(k) = a2''-A where a = A =^^, 

log a log a 

with a sufficiently small universal a > to be specified in the main 
body of the paper. With this choice, we have: 

(2.8) aa^-^ > 6'". 

Comparing it to (12.21) and (12. 3p . we see that the level / — k controlled 
in this way is safe for the renormalization Fj.. 

We say that the box B G B"'[l] is not too deep in scale B^ if 

l-k< s{k). 

There are a number of constant which have to be chosen appropri- 
ately, for example a and K. In the main body of this paper it will be 
shown how to choose these constants carefully such that all Lemmas 
and Propositions hold. From now on we will assume in this outline 
that the constants are chosen appropriately and will not mention this 
matter any more. 
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We will number the Lemmas and Propositions in this outline as 
the corresponding statements in the main body. However, the version 
in the outline should be viewed as an informal version of the actual 
statements. 

Proposition 4.1. For all sufficiently big levels k, the following is true. 
If a regular box B G n > k, is not too deep in scale B^ then Gk{B) 
is regular. 

Outline of the proof. Let B ^ B'^[l], n > I > k. We should view B 
from scale I, i.e., consider the piece B of level n — l for the renormaliza- 
tion Fi, see Figure As the piece B = Gk{B) has depth k, it should 
be viewed from this depth. So, we consider the corresponding piece B 
of level n — k for the renormalization Fk. Then B = o \E'^(B). 

Using geometric estimates for factorization (12. 5p we show that 

mod^i(B) X (x'-'^modB, 

provided B is regular. So ^l/fc(B) is highly stretched in the vertical 
direction. The nearly Universal map F^, see fl2.4p . will contract the 
vertical size by a factor of order 6^* << o"'"'^ since the piece is not too 
deep. This implies that the image under F^ is essentially the image of 
the horizontal side. We obtain a piece B, which is essentially a curve, 
that gets roughly aligned with the parabola, which makes its modulus 
of order 1. □ 

2.5. Universal sticks. Given a box B G B'^\l] of a map F, let 0{B) : = 
Of nB he the part of the postcritical set Op contained in B. Respec- 
tively, 0(B) = Opi n B, where B is the rescaled box corresponding to 
B. 

We say that a box B G B"'[l] is a (5-stick if the postcritical set 0(B) is 
contained in a diagonal strip LI of thickness 5, relatively the horizontal 
size of B. The minimal thickness is denoted by S-q. See Figure [STTl 

Let us consider the pieces Bi and B2 of level n + 1 contained in 
B. The corresponding pieces Bi and B2 occupy fractions ctbi and 
of B, called scaling ratios, see Figure 16.11 Let and cxg^ be the 
scaling ratios of the corresponding pieces for the degenerate renormal- 
ization fixed point F^,. Let Actb be the maximal difference between the 
corresponding scaling ratios. 

A piece S G is called e-universal if (5b < e and Actb < e. 

Consider very deep pieces B G i3"[A;], with (1— go)""^ < A; < n, at scale 
n — k. Then we are watching pieces of B"'~^{Fk) which can be obtained 
by following the orbit of i?"~^(Ffc) for 2""^ steps. F^. is at a distance 
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0{p^) to the degenerate renormalization fixed point F^. When go > is 
small, these few iterates, 2""^^ = 2'"'", with a map 0{p^^^'^°^'^) close to 
the renormalization fixed can be well approximated by iterates of the 
renormalization fixed point. At this scale, one-dimensional dynamics 
is a good geometrical model. We call this the one- dimensional regime. 

Proposition 7.2. There exist 6 < 1, < qo < qi such that every piece 
in B^''[k], with {1 — qi) ■ n < k < (1 — go) ■ is 0{p'^)-universal. 

We are going to refine Proposition 4.1, in the sense that we are 
estimating how e- universality is distorted (or even improved!) when 
we apply maps Gk to regular pieces which are not too deep in scale B^. 

Proposition 5.1 and 6.1 If B E B'"'[l] is regular and not too deep in 
B^ then 

5B<^-'^B + O(a"-0, 

and 

AaB = A(TB + 0(5B + a"-'), 
where B = Gk{B) e i3"[A;] and B = Ffe(^^(B)). 

Outline of the proof. We consecutively estimate, using geometric es- 
timates of §2.31 the relative thickness of the pieces Sdis = (id+S^)(B), 
i?aff = -Di(i?diff) and B = Ffc(i?aff), see Figure 1131 The first one is 
comparable with the thickness of B, up to an error of order a""', since 
the horizontal map id +Sj, has bounded geometry (where the error 
0"""' > diamB comes from the second order correction). 

Let us now represent the affine map as a composition of the 
diagonal part A and the the sheer part T, see 02.61) . The diagonal map 
A preserves the horizontal thickness, so the thickness is only effected 
by the sheer part T, which has order x 6^ . Using this estimate and 
that B is not too deep in B'', we show that ^(-Baff) = ^(^Bdift)- 

Finally, we show that the map Fk, being strongly vertically contract- 
ing, improves thickness again using that B is not too deep in B^. 

The maps do not distort the scaling ratios at all as a consequence 
of the precise defintion of scaling ratios. The piece B is the image under 
Fk of -Baff = ^L(B). This map is exponentially close to the degenerate 
renormalization fixed point. It will not distort the scaling ratios too 
much. □ 

Starting with pieces obtained during the one- dimensional regime, we 
apply repeatedly the maps Gk as long as the new pieces are not too 
deep. This process is called the pushing-up regime. 
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The pieces created by the combined one-dimensional and pushing-up 
regimes are 0(p")-universaL This can be seen as follows. Proposition 
7.2, states that the pieces from the onc-dimcnsional regime are expo- 
nentially universal. These pieces are the starting pieces of the pushing- 
up regime. Propositions 5.1 and 6.1, state that the error in scaling 
ratios caused by pushing-up is of order of the sum of the ticknesses 
observed during the pushing-up process. Moreover, the thicknesses are 
essentially contracted each pushing-up step. 

Unfortunately, the pieces generated by the combination of the one- 
dimensional and pushing-up regimes, do not have a total measure which 
tends to 1. In particular. Proposition 8.2 states that asymptotically, 
these pieces will be missing a fraction of the order 0{2^{WY ) of 
where 7 > 0. This is an immediate consequence of the fact that during 
the pushing-up regime we only pushed-up pieces which are not too 
deep. 

The solution to this problem is to stop the pushing-up regime at the 
level K{n) x Inn. Then i?***^") will be filled except for an exponential 
small fraction with 0(p")-universal pieces. After level n^n) we start 
the brute-force regime, push-up all pieces without considering whether 
they are too deep or not. In other words, just apply the original map F 
for 2'^*^"-' steps. But under these iterates the 0(p"^) -universal sticks get 
spoiled at most by factor 0{C'^^'^^) = 0{n^) with some c > 0. Hence, 
they are 0(n'^p")-universal sticks, and we still see 0(6''^)-universality, 
for some 9 <1. 

Denote the pieces in generated by combining these three regimes 
by Vn- These pieces are ^"-universal. 

2.6. Probabilistic universality. We say that the geometry of O is 
probabilistically universal if there exists a ^ e (0, 1) such that the total 
measure of boxes B e which are ^"-universal sticks is at least 1 — 

o(r). 

Theorem 2.3. The geometry of O is probabilistically universal. 
Proof. Let n > 1. The pieces in Vn are 6''^-universal. Left is to estimate 

The one-dimensional regime deals with the pieces of B" in B'' with 
(1 - ?i) • n < A; < (1 - go) ■ n. They occupy a fraction 1 - 0{^^^^^^) 
of the measure of Push them up until B'^ without restriction 

whether they are too deep or not. They will occupy i3" except for 
an exponential small fraction. Let be the corresponding set of 
paths of the random walk. These are the paths which hit the interval 
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[{1 — qi) ■ n,< {1 — qo) ■ n] at least once but are not necessarily s- 
controUed. So 

ly(Rn) = l-0( , \ ). 

Recall, the set -^'^(n) consists of the paths which are s-controlled after 
depth K{n) x Inn. Lemma [2.21 gives 

Ki^.(n)) = 1 - o( f: ^) = 1 - o (-1^) = 1 - 0(p") 

k=K,{n) ^ ^ 

for some p G (0, 1). 

Observe, the set of paths corresponding to Vn is Rn H -^'^(n)- Hence, 

/i(p„) = z/(^„nir«(„)) = i-0(n, 

for some 61 G (0, 1). □ 

3. Preliminaries 

A complete discussion of the following definitions and statements 
can be found in part I and part II, see |CLM] . [LMlj . of this series on 
renormalization of Henon-like maps. 

Let 1]^, C C be neighborhoods of [-1, 1] C M and ^] = x fi^ 
The set Tinij) consists of maps F : [—1,1]^ — )■ [—1, 1]^ of the following 
form. 

Fix,y) = (/(x) - e{x,y),x), 

where / : [—1,1] [—1; 1] is a unimodal map which admits a holo- 
morphic extension to and e : [—1,1]^ — )■ M admits a holomorphic 
extension to Q and finally, |e| < e. The critical point c of / is non 
degenerate, D"^ f{c) < 0. A map in T-Lni^) is called a Henon-like map. 
Observe that Henon-like maps map vertical lines to horizontal lines. 

A unimodal map / : [—1, 1] — i- [—1, 1] with critical point c G [—1, 1] 
is renormalizahle if p : [/^(c), /^(c)] — > [/^(c), /^(c)] is unimodal and 
[P{c)J\c)] n f{\P{c)J\c)]) = 0. The renormalization of / is the 
affine rescaling of P\{[P{c), /^(c)], denoted by Rf. The domain of Rf 
is again [—1,1]. The renormalization operator R has a unique fixed 
point : [—1,1] — )■ [—1,1]. The introduction of |FMP] presents the 
history of renormalization of unimodal maps and describes the main 
results. 

The scaling factor of this fixed point is 

_ \[mc),pic)]\ 
i[-i,i]i ■ 
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A Henon-like map is renormalizable if there exists a domain D C 
[—1,1]^ such that : D ^ D. The construction of the domain 
D is inspired by renormahzation of unimodal maps. In particular, 
it should be a topological construction. However, for small e > 
the actual domain A C [—1,1], used to renormalize as was done in 
|CLM] . has an analytical definition. The precise definition can be found 
in §3.5 of part I. If the renormalizable Henon-like maps is given by 
F{x,y) = (/(x) — e{x,y)) then the domain A C [—1, 1], an essentially 
vertical strip, is bounded by two curves of the form 

f{x) — e{x, y) = Const. 

These curves are graphs over the y-ax.is with a slope of the order e > 0. 
The domain A satisfies similar combinatorial properties as the domain 
of renormahzation of a unimodal map: 

F{A)nA = 0, 

and 

F\A) c A. 

Unfortunately, the restriction F'^\A is not a Henon-like map as it does 
not map vertical lines into horizontal lines. This is the reason why the 
coordinated change needed to define the renormahzation of F is not an 
afiine map, but it rather has the following form. Let 

H{x,y) = (/(x)) - e{x,y),y) 

and 

G = HoF'^oH-\ 

The map H preserves horizontal lines and it is designed in such a way 
that the map G maps vertical lines into horizontal lines. Moreover, G 
is well defined on a rectangle U x [—1, 1] of full height. Here U C [—1, 1] 
is an interval of length 2/\s\ with s < — 1. Let us rescale the domain 
of G by the s-dilation A, such that the rescaled domain is of the form 
[—1,1] X V, where V C M is an interval of length 2/\s\. Define the 
renormahzation of F by 

RF = Ao Go A~\ 

Notice that RF is well defined on the rectangle [—1, 1] x V. The coor- 
dinate change ip = o A~^ maps this rectangle onto the topological 
rectangle A of full height. 

The set of n-times renormalizable maps is denoted by ^/^(e) C 
Tinie). If F G 'H^(e) we use the notation 

Fn = R'^F 
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The set of infinitely renormalizable maps is denoted by 

n>l 

The renormahzation operator acting on '^^(e), e > small enough, 
has a unique fixed point F^. G Xo(e). It is the degenerate map 

F*{x,y) = {f^{x),x). 

This renormahzation fixed point is hyperbolic and the stable manifold 
has codimension one. Moreover, 

W'{F,)=In{e). 

If we want to emphasize that some set, say A, is associated with a 
certain map F we use notation like A{F). 

The coordinate change which conjugates F^\A{Fk) to F^+i is denoted 

by 

(3.1) V'''-' = (Afc o Hk)-' : Dom(Ffc+i) ^ A{Fk). 

Here is the non-affine part of the coordinate change used to define 
R^^^F and is the dilation by Sk < —1. Now, for k < n, let 

(3.2) = o o...o^-: Dom(F„) ^ A„_,(F,), 
where 

Afc(F) = ^S(Dom(Ffc))n5. 
Notice, that each A^ C [—1,1] is of full height and \E'q conjugates R'^F 
to F \Ak. Furthermore, A^+i C A^. 

The change of coordinates conjugating the renormahzation RF to 
is denoted by := H~^oA~^. To describe the attractor of an infinitely 
renormalizable Henon-like map we also need the map tpl = Foip^. The 
subscripts v and c indicate that these maps are associated to the critical 
value and the critical point, respectively. 

Similarly, let ipv V'c be the corresponding changes of variable for 
RF, and let 

-^Iv = ° ■^l, ^Iv = ° ^l^ ^Ic = i'l ° Vci Vcc = ° ^c- 

and, proceeding this way, for any n > 0, construct 2" maps 

C = V-ii ° ■ ■ ■ ° w = (wi, ...,wn)e {v, c}". 

The notation ip'^{F) will also be used to emphasize the map under 
consideration, and we will let W = {v, c} and W"' = {v, c}" be the 
n-fold Cartesian product. The following Lemma and its proof can be 
found in |CLMt Lemma 5.1]. 
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Lemma 3.1. Let F G There exist C > such that for w G W"-, 

Pdl < Ca"", n>l. 

Let F G Xn(e) and consider the domains 

The first return maps to the domains 

correspond to the different renormahzations. Notice, 

An infinitely renormalizable Henon-like map has an invariant Cantor 
set: 

2"-l 

= n u ^^(^"") = n u 

n>l i=0 n>lui£W" 

The dynamics on this Cantor set is conjugate to an adding machine. 
Its unique invariant measure is denoted by /i. The average Jacobian 

bp = exp J log Jac Fd^ 

with respect to n is an important parameter that influences the geom- 
etry of Of, see [ULMl Theorem 10.1]. 

The critical point (and critical value) of a unimodal map plays a 
crucial role in its dynamics. The counterpart of the critical value for 
infinitely renormalizable Henon-like maps is the tip 

{rp} = fi b:„. 

3.1. One-dimensional maps. Recall that : [—1, 1] — )■ [—1, 1] stands 
for the one-dimensional renormalization fixed point normalized so that 
/*(c*) = 1 and /^(c*) = —1, where G [—1,1] is the critical point of 
The renormalization fixed point has a nested sequence of renor- 
malization cycles Cn, n > 1. A cycle consists of the following intervals. 
The critical point of /* is c* and the critical value f* = /*(c*) 

with j = 0, 1, 2, ■ ■ ■ , 2" — 1. The collection Cn consists of pairwise 
disjoint intervals. Notice, for j = 0, 1, 2, . . . , 2" — 2 

Mi;{n)) = i;^,{n), 

and 

Mi;..,in)) = loin). 
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The interval in C„ which contains the critical point is denoted by 
The nonlinearity of a C^-diffeomorphism : J — (f)(1) C M, / C M, 

is 

(3.3) r]^ = D In D(f). 

The Distortion of a diffeomorphism cf) : I ^ J between intervals /, J C 
M is defined as 

Dist((/)) = max log 

D(p[x) 

If r/ is the nonlinearity of then 

(3.4) Dist(0) < IIt^IIco • |/|. 

The distortion of a map does not change if we rescale domain and 
range. 

Given r > 0. The r-neighborhood T D / of an interval J C M is the 
interval such that both components of T \ / have length r|/|. 

Lemma 3.2. There exist r > and D > 1 such that the r -neighborhoods 
Tj{n) D Ij{n) have the following property. For all n > 1 the following 
holds. Let Q G Tj{n) then 

nMM< n 

11 |/;+i(n)i - ^• 

with < fci < ^2 < 2". 

Proof. The a priori bounds on the cycles Cn are described in [MS], see 
also [CMMTj . The a priori bounds state that for some r > the gap 
between Ij{n + 1) and Ij^2^+i{n) satisfies 

\I,{n) \ {I,{n + 1) U /,+2"+i(ri))| > 5r ■ \I,{n)\. 

Hence, we have Tj{n + 1) fl Tj^2^+i{n + 1) = and 

\T^{n + 1)1 + |T,+2"+i(ri)| < (1 - r) ■ |T,-(n)|. 

Let r]j{n) be the nonlinearity, see (13. 3p . of the rescaling of /* : I^{n) — )■ 
-^j+i(?^)- The rescaling turns domain and range into [—1,1]. Lemma 
3.1 in |Ma2j says that 

h.<^ + i)llco<^|?^-h,H||co, 

h,^2Mn + l)||co < ■ I'^^-^^^l'^- 
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Hence, 

\\7],{n + l)||co + H+2Mn + l)llco < (1 - r) ■ \\vA^)\\co, 

for j = 0, 1, 2, ■ ■ ■ , 2" — 2. The a priori bounds also imply a universal 
bound 

||?72"-i(^ + l)||c;o <K. 
Inductively, this gives a universal bound 

2"-2 



j=0 



Use (13.41) and observe. 



The Lemma follows. □ 

Proposition 3.3. There exists p < 1 such that the following holds. 
Let < qo and / G C„ and I C Uk \ t/(i_go).„, with k < {1 — Qq) ■ n. Let 
tj = 2^^ be the first return to Uk- Then for every j < tj 

Dist{fi\i) = o{p'^n- 

Proof. Let Sj > tj be the first return time of / to f/(i_go).n. There exists 
Jo C Uk with I C Jo such that f^' : Jo — )■ t/(i_q,)).n diffeomorphically, 
[Malj . Let Jk = /^(Jo) and Ik = f^{I)- The a priori bounds on the 
geometry of the cycles C„ imply 

M = o(p^o-"). 

\Jk\ 

This estimate hold because the intervals Jk are in C(i_gQ).„ and the 
intervals Ik are in 

The nonlinearity of the rescaled map f*:Jk~^ Jk+i which has the 
unit interval as its domain and range, is denoted by rjk- As in the proof 
of Lemma 13.21 we obtain 

si-l 

^ ||%||co < Ko- 

k=0 

The nonlinearity of the rescaled version of the map f^, : Ik ^ Ik+i 
which has the unit interval as its domain and range, is denoted by 
ril. Lemma 3.1 in |Ma2j says that the nonlinearity of the restriction 
f* : Ik ^ h+i of f*:Jk^ Jk+i satisfies 

ll%'llco<i^-||%||co. 
\Jk\ 
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Hence, 

si-l 
k=0 

The distortion of a map fl : h h+t is bounded as follows. 

k+t-l 

Dist(/,14) < Dist(/,|/,) 

j=k 
si-1 

j=0 

This finishes the proof of the Lemma. □ 

3.2. Geometrical properties of the Cantor attractor. 

Theorem 3.4 (Universality). For any F G ^ni^) with sufficiently 
small 6, we have: 

i?"F=(/„(x)- 62"a(x)i/(l + 0(p")), x), 

where fn f* exponentially fast, b is the average Jacobian, p G (0, 1), 
and a{x) is a universal function. Moreover, a is analytic and positive. 

Corollary 3.5. There exists a universal di > such that for k > 1 
large enough 

for every z G B\{Fk). 

Let r„ be the tip of Fn = K^F and r* be the tip of F^,. 
Lemma 3.6. There exists p < 1 such the conjugations 

hn : Of, ^ Of^ 

with hnir^) = Tn satisfy 

\hn{z)-z\=0{p''), 

for every z G Of,- 

Proof. Choose z* E Of, and let z = hn{z*). There are unique sequence 
Wn+it ■ ■ ■ 1 Wmi ■ ■ ■ 1 and z„, Zn+ii . . . , Zmi ■ ■ • , and z*, . . . , . . . with 

Wk G {c, f}, Zk G C_Ffc, and z^ G Of, such that z = Zn, z* = z^ and for 
k > n 

This follows from the construction of Of in |CLM] . 
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Theorem 13.41 implies 

for some p < 1. The proof of Lemma 5.6 in [CLMj gives that (V'^'*'^)* 
iplj are contractions, l-D'?/'^! < cr < 1. Then for k > n 

<\€:iS'k^i)-i^t:irizk+i)\+ 

<0{p'') + a ■ \zk+i - zl^^l 
Then for every m > n we have 



m I 



k=n+l 

Observe, \zm — < 1 and the Lemma follows by taking m > n 
sufficiently large. □ 

3.3. Analytical properties of the coordinate changes. Fix an 

infinitely renormalizable Henon-like map F G ^^(e) to which we can 
apply the results of |CLM] and [LM l], £ > is small enough. For such 
an F, we have a well defined tip: 

T ^ r{F) = fl B:„ 

n>0 

Consider the tips of the renormalizations, = t{R^F). To simplify 
the notations, we will translate these tips to the origin by letting 

Denote the derivative of the maps \E'fc at by Dk and decompose it into 
the unipotent and diagonal factors: 

i tk \ f Ok 



^^•^^ ^fc - I I J \ (3k 

Let us factor this derivative out from ^k'- 

^k = DkO (id+Sfc), 
where Sk{z) = {sk{z),0) = 0(|zp) near 0. Lemma 7.4 in jCLM j states 

Lemma 3.7. There exists p < 1 such that for k G Z_|_ the following 
estimates hold: 

(1) «fc = . (1 + Oip^)), (3k = -a-il + Oip'^)), tk = 0(6^"); 

(2) \d,Sk\ = Oil), \dySk\ = Oie^"); 
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(3) I^L^.I = 0(1), \d%s,\ = 0{e'% \dls,\ = 0{e'\ 
Lemma 3.8. The numbers tk quantifying the tilt satisfy 

tk ^ —Op ■ 
We will use the following notation 

Consider the derivatives of the maps \1'^ at the origin: 

D^ = DkoDk+,o...Dn_,. 
We can reshuffle this composition and obtain: 

(3.6) = ( J t ) ( ^""T'' i-a)-' ) + ^^P'^^- 
Factoring the derivatives D"^ out from \1'^, we obtain: 

(3.7) n = Dkoi^d+S-,), 

where Sl{z) = {S'^{z),0) = 0{\z\'^) near 0^^^ 

The following Lemma is Lemma 7.6 in |CLMj 



Lemma 3.9. For k < n, we have: 



-2 



(1) \d.Sj:\ = 0(1), \dySj:\ = 0{e 

(2) = 0(1), \dlS-,\ = 0{e''), \dl^S-,\ = 0{e'' a^'). 

Lemma 3.10. There exists a universal do > such that for k > 1 
large enough 

do ~ dx ~ 

Proof. According to proposition 7.8 in |CLM] . the diffeomorphisms 
id+S^ stay wihin a compact family of diffeomorphisms. This gives 

the upperbound on the derivative. The partial derivative ^''"^g^^*' ^ can 
not be zero in a point because otherwise the derivative of the diffeomor- 
phism would become singular in point. This gives the positive lower 
bound on the partial derivative. □ 

Lemma 3.11. There exists p < 1 such that 

\n-mr\co = o{p''). 

Proof. The proof is a small modification of the proof of Lemma 13.61 
Use the same notation: wi = v for all / > k. We have to incorporate 
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the translation which center the maps around the tips. The estimates 
in the proof of Lemma 13.61 become 

n 

l=k+l 

= z + Tn and = z + T*. From Lemma 13.61 we get that 
0{p'^) and the Lemma follows. □ 

3.4. General Notions. We will use the following general notions and 
notations throughout the text. 

Let C M? and Q = [a,a + h] x [b,b + v] be the smallest rectangle 
containing X. Then h > is the horizontal size of X and f > the 
vertical size. 

Qi ^ Q2 means that C^^ < Q1/Q2 < C, where C > is an absolute 
constant or depending on, say F. Similarly, we will use Qi > Q2- 



where z„ - 



4. Regular Pieces 

By saying that something depends on the geometry of F, we mean 
that it depends on the C^-norm of F . Below, all the constants depend 
only on the geometry of F unless otherwise is explicitly said. 

The tip piece = B^^, of level /c G N contains two pieces of level 
/c + 1, the tip one, B^^^ , and the lateral one. 

They are illustrated in Figure 12.11 and more schematically, in Fig- 
ure iHl 




Figure 4.1. 



For n > > 0, let 

= B''{F)[k] = {Be B"'\ B c E''}. 
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fx 



We call k the depth of any piece B E B^[k]. A piece i?" belongs to 
i3"[/c] if and only if 

Observe 

U b] = fxiE') = 
where n is the invariant measure on Op- Let 

l>k 

Given a piece B G there is a unique sequence 

k = ko < ki < ■ ■ ■ < kt = n, ki = ki{B) 

such that 

B = Gk,oGk,o-.-oGk,_,oGkABn- 
To see it, consider the backward orbit {F^'^B} that brings B to the 
tip piece B^. Let F~"^^{B) be the moments of its closest combinatorial 
approaches to the tip, in the sense of the nest D i?^ D . . . . Then ki 
is the depth of Thus, e E^\ while F-'^{B)nB^^ = 

for all m < rrii, compare with §2.21 The pieces 

B^'^ := F-^^{B) = Gk,o...o G,,., o GkABn e 

with i = 1, 2, ■ ■ ■ ,t, are called predecessors of 5. Let us view a piece 
i? = B\ G from scale k, i.e., let us consider the following 

piece B of depth for the renormalization = R'^F: 

(4.1) B = BZtr-^S^'^) e ^"-'(i^;.)[0], so S = vI/„^(B), 

see Figure 

Below, a "rectangle" means a rectangle with horizontal and vertical 
sides. Given a piece B = B^ G let us consider the smallest rectangle 
Q = QZ containing B fl Ci?. We say that Q = Q{B) is associated with 
B. 

Remark 4.1. We are primarily interested in the geometry of the Cantor 
attractor Op- For this reason we consider rectangles Q superscribed 
around Op fl B rather than the ones superscribed around the actual 
pieces B. However, our results apply to the latter rectangles as well. 

Given B G let us consider the rectangle Q associated to 

B G B^~^{Fk). Let h and v be its horizontal and vertical sizes of 
Q respectively. We also call them the sizes of B viewed from scale k. 
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We say that the piece B G B"'[k] is regular ii these sizes are comparable, 
or, in other words, if modB := h/v is of order 1: 

(4.2) -^<modB<Co, 

with Co = 3di, where (ii > is the bound on dF^/dx from Corollary 
see Figure . 



Of Of, 







r^- 


V 








B 




B . , 











h 

Figure 4.2. A regular piece 



Notice that in the degenerate case, F{x,y) = every piece 

is regular since the slope of / in is squeezed in between di and 1/di. 

Next, we will specify an exponential control function s{k) = Sa{k) = 
a2^ - A, see (E?]). Namely, we let 

In 6 , In a 



where a > is a small parameter. The actual choice of a = > 
depending only on the geometry of F will be made in the cause of the 
paper (see Propositions 14.11 l5.ll etc.). 

Let l{k) = la{k) = s{k) + k. li k < I < l(k) we say that the pieces 
B e are not too deep in B^. The choice of the control function is 
made so that 

(4.3) <a(j^'^ ioil<L{k). 

Proposition 4.1. There exists k* > and a* > such that for a < a* 
and k > k* the following holds. If B E B"'[l] is regular and not too deep 
in B^ , k < I < la{k), then 

B = Gk{B) e B^[k] 



is regular as well. 
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Proof. We should view B from scale /, i.e., consider the piece B G 
i3"-'(F0[O] defined by dH]). As the puzzle piece B = F'^\B) has 
depth fc, it should be viewed from this depth. So, we consider 

(4.4) B e i3"-'=(Ffc)[0], such that ^^(B) = 

Observe: B = o ^^(B) (see Figure . 




Figure 4.3. Pieces B and B viewed from appropriate scales. 



As above, let (h, v) be the sizes of B, and let (h, v) be the sizes of 
B. Since B is regular, bound (14. 2 p hold for modB = h/v. We want to 
show that the same bound hold for modB = h/v. 

The map factors into a non-linear and an affine part as described 
in P 

Figure 14.41 shows details of this factorization for the map from Fig- 
ure 14.31 Let /idiff and f dig be the sizes of the rectangle Qdm associated 
with the piece (id+Sj,)(B), see Figure fOl Lemmas 13.9( 1) and 13.101 
imply for k big enough: 

/idiff<rfo-h + 0(e2').v<2rfo-h, 

where the last estimate takes into account (14. 2p . Similarly, 

(4.5) /idiff > :^h. 

Moreover, since the map id+S^ is horizontal, we have 

(4.6) t^diff = V < Co • h. 

Let /laff and fafr be the sizes of the rectangle Qafi associated with the 
piece i?aff = ^L(B) = D\o (id+S^)(B) (which is the piece B viewed 
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V 

faff 




h Ks /idiff id+S^ 



Figure 4.4. Factorization of the map into horizontal 
and affine parts. 



from scale k). Incorporating the above estimates into decomposition 
(13.61) and using Lemma 13.81 we obtain for large k (with s = I — k) : 

< {hdis ■ cr^' + Vdm ■ \tk\ ■ (t') ■ (1 + 0(p'=)) 

< [3do-cr' + 0{b''')]-a' -h. 

Similarly, we obtain a lower bound for hg^g: 

OCLq 

ok 

If B is not too deep for scale k, then b < a a*, and we obtain: 

(4.7) h,s X a'^ ■ h, 

as long as a is small enough (depending on the geometry of Fk). 
Bounds on v^s are obtained similarly (in fact, easier): 

(4.8) = Vd,s ■ a''^ ■ (1 + 0{p^)) = v • ■ (1 + ©(p'^)) x v ■ 
Thus, 

(4.9) mod 5aff = mod ^^(B) x a' mod B. 

it gets roughly aligned with the parabola-like curve inside , which 
makes its modulus of order 1. Furthermore, Theorem 13.41 and Corollary 
13.51 imply, for k large enough, the following bounds on the sizes of B: 

-^/lafr - ^O^^*" ■ ^^aff < h < 2di ■ /lafl + ^O^^^ " ^^aff, 

V = /laff, 
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where > is an upper bound for a(x) (1 + 0{p^)) which controls 
the vertical derivative of F^. Hence 

mod B < 2rfi + T^TTT^ < '2d^ + — ^— ^ < 2c/i + AoCoa < 3d,, 

modw^B) (T'^modB 

as long as a is small enough. 

Remark 4.2. Notice that modB appears only in the residual term of 
the last estimate. The main term {2di) depends only on the geometry 
of F, which makes the bound for modB as good as that for B. 

The lower estimate, modB > {3di)^^, is similar. □ 

5. Sticks 

Let us consider a piece B G B"'[l] and the corresponding piece B e 
B"-~'-{Fi)[0], see (14. ip and Figure W2[ In the degenerate case, most of 
the pieces B fl get squeezed in a narrow strip around the diagonal 
of the associated rectangle Q. We will show that this is also the case 
for many pieces of Henon perturbations. To this end, let us quantify 
the thickness of the pieces in question. 

Let us first introduce two standard strips of thickness 6: 

Af = {{x,y)e[0,l]^\ \y±x\<^-} 

(oriented "north-west" and "north-east" respectively.) 

Given a piece B E B"^ and the associated rectangle Q = Q{B), let 
L : [0, 1]^ Q he the diagonal affine map. Let A{B) = L{As)^, 
where: 

• we select the "+"-sign if B comes from the upper branch of the 
parabola x = f{y), and "—"-sign otherwise. 

• 6 = 6b is selected to be the smallest one such that A{B) D B nO. 

This 6b is called the (relative) thickness of B. The horizontal size 
h6B of A{B) is called the absolute thickness of B. A{B) is called the 
associated diagonal strip. We let A = Ab and call it the regular stick 
associated with B, see Figure 15.11 

Proposition 5.1. There exists k* > and a* > such that for a < a* 
and k* < k the following holds. If B E B'"'[l] is regular and not too deep 
in B^ , k < I < la{k) , then 

6^<\-6B + 0{a^-'), 

where B = Gk{B) e i3"[A;] and B = Fk{¥^{B)). 
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Figure 5.1. Regular stick 



Proof. We will use the notation from ^ Let S = Sb, and let w = 5 ■ h 
be the absolute thickness of B. The relative thickness of B is denoted 
hj 5 = 6^. To estimate d, we will decompose \E'|, as in §11 Let Wdis be 
the absolute thickness of -Bjiff = (id+S[.)(B). Then 

(5.1) Wd,s = 0{w + h-a^-'). 

Indeed, let be the horizontal section of (id+S'^)(AB) on height y, 
and let F^^ = (id +S^)-i(Fj^). Then 

\Ty\ < |FJ ■ ||id+Si||ci =0(w), 

where the last estimate follows from Lemma [3.9( 1). 

Furthermore, let us consider a boundary curve of (id+S^)(AB). Its 
horizontal deviation from any of its tangent lines is bounded by 

(5.2) i|| id+S[\\c2 ■ (diamB)2 = 0(a"-') ■ h, 

where the last estimate follows from Lemma [3^ (2). bounded modulus 
of B (14. 2 p , and Lemma 13.11 Hence 

Wdis < max |F„| + 0(cr""') ■ h, 

y 

and (15.11) follows. Together with (14. 5p . it implies: 

(5.3) 5diff = 0((5 + a"-^ 
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Let US now consider the piece i?afr = ^L(B) = D[(i?diff), see Figure 
Let D\ = T o A, where A = A|, and T = Tl are the diagonal and 
sheer parts of respectively, see ( I3.6p . Let us consider a box -Bdiag = 
A(-Bdifr), and let /idiag = cr^^^~^^^difr and fdiag = cr^'^^'^diff be its horizontal 
and vertical sizes. Since diagonal affine maps preserve the horizontal 
thickness, the thickness is only effected by the sheer part T^, which has 
order tk^h"^ , see Lemma 13.8^ namely: 



^aff < ^diff 



(5-4) A 



1 



•"diag 
^diag 



1 



'»diff " 

n—l\ 



= 0i6dm) = 0{d + a 

where the passage to the last line comes from (14.31) . (14. 5p . (14. 6 p and 
Lemma 13.81 Let us also consider the absolute vertical thickness of 
i?aff, i.e., the vertical size of the stick A(i?aff). From triangle similarity, 
we have: 

UaS _ Waff 
VaS ^aff 

So 

(5.5) ttaff = T^— X — — X a ■ Waff, s = I - k, 

mod i)aff cr mod B 

where the last estimate follows from regularity of B while the previous 
one comes from (14. 9p . 

We are now prepared to apply the map : {x,y) h-). (/^(x) — 
ek{x,y),x), where ||efc||c2 = 0(2^*), see Theorem 13.41 Let w be the 
absolute thickness of B. By (I4.7l) - (l4.8p . the rectangle Qaff associated 
with Bas has sizes 

Vas X cr^v and /laS x o-^^'h. 
Let us use affine parametrization for the diagonal Z of B^s: 

C 

X = Xo + t, y = yQ + —t, <t < has, 

where Xo,yo is its corner where the stick Aas begins. Restrict to 
this diagonal: 



Fk{x{t),y{t)) = {A + Bt + E{t), xo + t), 
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where E(t) is the second order deviation of Fk{Z) from the straight 
hne. We obtain: 

.,).0,||^%-)||H-||g..-.||H-||^||.,O^,)./i 

From Lemma [3. II we have /lafi = 0{a^~^). Hence, 

E{t) = 0((t"-'= + 62^a-('-'=)+"-'= + a ■ ■ h,^ 

= 0{a^'') ■ 

where we used that / is not too deep for k, i.e. h'^'^ < a. It follows 
that 

where we used (15.51) . 

Remark 5.1. This was the moment where the thickness improves. 
From the regularity of B we get h x v = has. Thus, 

= 0{a-S + a"-^) 

where we used (15.41) . The Proposition follows as long as a is sufficiently 
small. □ 

6. Scaling 

Let B E B"'[k] and B E B'^-^lk] with B C B. Say, 

B = B:^cB = BZ-' C E\ 

Let B and B be the corresponding rescaled pieces, so B = \l'o(B) 
and B = \I'q(B). The horizontal and vertical sizes of the associated 
rectangles are called h, v > and h, v > respectively. 
The scaling number of B is 

V 

ctb = -■ 

V 
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h 

h 

Figure 6.1. 

Remark 6.1. The scaling number can be expressed directly in terms of 
the original pieces B and B. Indeed, since the diffeomorphism is a 
horizontal map, we have o"b = v/v, where v and v are the vertical sizes 
of B and B. We will use the notation cr^ when we refer to the cor- 
responding measurement in the domain of F. This formal distinction 
will only play a role in f l7.20p . 

Remark 6.2. There are many possible ways to define the scaling num- 
ber. The proof of the probabilistic universality will show that the 
relative thickness of most pieces asymptotically vanishes. Because of 
this, most definitions of the scaling number become equivalent. 

For B = B^^{F) as above, let B* = be the corresponding 

degenerate piece for the renormalization fixed point F^,. The proper 
scaling for B is 

The function 

g_: B i-^ a-B 

is called the scaling function of F. The universal scaling function a* of 
is injective, as was shown in |BMT] . 



32 



M. LYUBICH, M. MARTENS 



Remark 6.3. Given a piece B G 13''+\F*). Let B* e which 
contains B. For some i < 2" we have 

7ri(fi*) = /f(n)GC„. 

Similarly, 'Ki{B*) = I*{n + 1) G C„+i, for i = i or i = i + 2". The scaling 
ratios ctb are vertical measurements of pieces. Using that Henon like 
maps take vertical lines to horizontal lines, y' = x, we have 

Proposition 6.1. There exists k* > and a* > such that for a < a* 
and k > k* the following holds. If a piece B G ;B"[Z] is regular and not 
too deep for Ek, i.e. k <l < la{k), then 

where B = Gk{B) G and B C B = ^[)(B) G 

Proof. As above in ^ let h^s stand for the horizontal length of i^afi = 
\E'^(B), see Figure HiH We will use the similar notation h^s and 
for the corresponding measurements of the piece B^s '■= ^L(B). 
Since Fk maps vertical lines to horizontal lines, we have 

haS 
has 

Let 7 be the angle between the diagonal of B^s and the vertical side, 
so tg 7 = mod Bas- Then 

VaS • tg 7 = /laff — = ' 0"b, 

Now Figure [6^2] shows: 

I^afr-^^aflftg7| < Waff- 
Dividing by has (taking into account the two previous formulas and 
definition of the relative thickness 6as = Was/has), we obtain: 

|0"b ~ ^b| < SaS- 



Now the Proposition follows from (15.41) . 



□ 
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VaS 



aff 



Waff- 




O-Rfaff 



^aff 

Figure 6.2. 



7. Universal Sticks 

7.1. Definition and statement. Let us consider a piece B & B"' and 
tlie two pieces -81,-82 ^ of level n + 1 contained in B. Rotate it 
to make it horizontal and then rescale it to horizontal size 1; denote 
the corresponding linear conformal map by A. Let S, a 31,(^32 ^ be 
the smallest numbers such that: 

(1) AiBnOp) C [0,1] X [0,5], 

(2) AiB.nOp) C [0,aB,] X [0,6], 

(3) A{B2nOF) C [l-cjB^A] X [0,6], 

for the optimal choice of A. The numbers asi, and (T^j are called 
scaling factors of Bi and -82- 

Remark 7.1 . The scaling factor ub of a piece is a measurement of the 
corresponding B. The scaling factor of B reveres to measurements 
of the actual piece in the domain of F. The difference between the 
scaling factors as and ctb is estimated in Proposition 17.71 
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We say that B is e-universal if 

Wb^ - ctbJ < e, \aB2 - 0-B2I ^ ^> aiid 5 < e. 

The precision of the piece i? is the smallest e > for which B is 
e-universal. The optimal 74~^([0, 1] x [0,5]) is called the e-stick for B. 
We will revere to the (relative) length and (relative) height of such a 
stick. Let ^^"(e) C i3" be the collection of e-universal pieces. 




ail 

Of n B2 

Figure 7.1. 



Definition 7.1. The Cantor attractor Op of an infinitely renormaliz- 
able Henon-like map F G Hni^) is probabilistically universal if there is 
9 < 1 such that 

> 1 - 0", n>l. 
Now we can formulate the main result of this paper: 
Theorem 7.1. The Cantor attractor Op is probabilistically universal. 

After careful choices of 6^ < 1, go < Q'l and niji) = — Const + Inn, one 
distinguishes three regimes where pieces in SSn{0"')nE'' are discovered 
by different techniques. 

The one-dimensional regime: all the pieces in B^[k] with {l — qi)-n < 
k < {I — qo) ■ n are in S'5'„(6'"). These very deep pieces are controlled 
by the one-dimensional renormalization fixed point: they are perturbed 
versions the corresponding pieces of and their relative displacements 
are exponentially small, see Lemma 17.31 and Proposition 17.21 We have 
to exclude the pieces in B"'[k] with k > {1 — qo) -n because they do not 
have a small thickness. Viewed from their scale k, they are relatively 
large pieces close to the graph of /*. The curvature of the graph of /* 
causes this pieces to have a large thickness. 
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The pushing-up regime: the pieces from the one-dimensional regime 
can be pushed up without being distorted too much, using the Propo- 
sitions 15.11 and I6.H as long as they are not too deep. The resulting 
pieces have exponentially small precision, see Proposition 17.71 In this 
way one finds pieces in S'S'„(6'") H i^^^ for < /c < (1 — gi) ■ n. Unfortu- 
nately, the relative measure of these pieces in SSn{0^) H obtained 
by pushing up, is only exponentially close to 1, for k > n{n) x Inn, 
see Proposition 18.21 . That is why the pushing-up regime is restricted 
to K(n) < k < {1 — qi) ■ n where these pieces occupy except for an 
exponential small relative part. 

The brute-force regime: the pieces obtained in the one- dimensional 
and pushing-up regimes are in B'^^"'\ They will be spread around by 
brute-force iteration of the original map until returning. The time to go 
from and return by iterating the original map is 2'^^^\ The depth 
K{n) is the largest integer such that 2"^"^ < Kn\nl/9. The pieces in 
the one-dimensional and pushing-up regime have exponentially small 
precision. Each of the brute-force return steps used to spread around 
the pieces from the deeper regimes, will distort their exponential pre- 
cision 6"", see Proposition 17.81 The total distortion along such a return 
orbit can be bounded by 0{r^^^"^) = 0(r^"i'^i/^), with r > 1/6 » 1. 
However, this distortion can not destroy the exponential precision when 
^ < 1 is chosen close enough to 1. 

The pushing-up regime is split into two parts. Let Ko{n) be the 
smallest integer such that l{Ko{n)) > n. As long as Ko(n) < k < 
(1 — gi) ■ n the pieces in / > k, are not too deep and can be 

pushed up into E^. Indeed, no{n) x Inn is uniquely defined and can 
not be adjusted. Unfortunately, we can not use K{n) = Ko{n) because 
the corresponding return time 2'^°*^") used to fill the brute-force regime 
might be too large. Too large in the sense that it might build up too 
much distortion, which is of the order ©(rg) for some definite tq > 1. 
We have to choose K,{n) x Inn much smaller than Ko(n) to get an 
arbitrarily slow growing rate for the distortion during the brute-force 
regime. The rate should be small enough such that the exponential 
decaying precision in the deeper regimes can not be destroyed. In the 
regime K,{n) < k < Ko{n) we have l{k) < (1 — gi) • n which means 
that we can not push up all previously recovered pieces in B"'[l] with 
/ > l{k). This is responsible for the super-exponential loss term in 
Proposition 18.21 
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7.2. Universal sticks created in the one-dimensional regime. 

Proposition 7.2. There exist p < 1, q* > with the following prop- 
erty. For every Q < qo < qi < q* there exists n* > such that for 
n > n* and {1 — qi) ■ n < k < n 

(1) every B G is regular. 

(2) for every B G B^'+^k] 

kB-^Bl = 0(p'^-"), 

where B = ^o^^(B). 

(3) for every B G B"[k] with {I — qi) ■ n < k < {1 — qo) ■ n 

where B = ^o(B). 

Choose, {1 - qi) ■ n < k < n and B e B"[k]. Let B G be 
such that B = \1'q(B). Let r„ be the tip of -F„ and r^, the tip of F^. In 
the next part we will have to compare the maps \t'^ related to F and 
the maps {"^^Y corresponding to F^,. Let 

Bo = B^J.iFk) = vl/-(Dom(FO) 

and 

BS = B^-.MF^) = (vl/-'=)*(Dom(F.)). 

where (^^g"*')* is the change of coordinates used to construct _R"~'^F^,. 
Then B = F^(Bo) for some < j < 2"-'= and j is odd. Let B,- = 
F^'(Bo) and B* = F,J(B*) for < j < 2""^ We will analyse the 
relative positions of B^ and B*. Let 

Ij = 7ri(Bj) and Jj = 7i2{Bj). 

The intervals in the n*^ cycle of f^, are denoted by Ij{n), see §3.11 
Observe, 

i; = i;{n-k) = n,{B*), 0<j<2"-^ 

and 

J* =n2{B*) = i;_^{n-k), 0<j<2^-\ 
Consider the conjugations 

hn : Of, ^ Of^ 

with hnir^) = Tn- These conjugations allow us to label the points in 
Of„. Choose, z* G Of, and let z = hn{z*). Let {xo,yo) = "^^i^) G Bq 
and (a;o,?/o) = (*fc)*(^*) ^ Bg. The points in the orbits are 

{xj ,yj) = Fl{xo,yo) and (x* ,?/*) = F^ (xq , 2/0 ) , 
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with < j < 2"-~^. The first estimates will be on the relative displace- 
ments ^jj- and where Axj = Xj — x* and Ayj = yj — y*. 

Lemma 7.3. There exist p < 1, q* > with the following property. 
For every < q < q* there exists n* > such that for n > n* , 
{1 — q) ■ n < k < n, and < j < 2^'^ 

^ = 0(pn, and ^ = 0(pn. 

Proof. Recall, yj+i = Xj. Hence, 

\Ayj+i\ _ \Axj\ 



It* I I r* I 

Ki+il l-'jl 

we only have to estimate the displacements Axj and AyQ. Since, — )■ 
F^ exponentially fast controlled by some p < 1, see Theorem I3.4[ we 
have 

Xj+i = f4xj) + 0{p'') 

= f.{x*) + Df,iQ)Ax,+0{p'). 

Hence, 

Ax,+i = D/.(0)Ax,+O(p'). 
There exists K > 1 such that 



^'■^) \T* \ - I/*, J I r*| 



n—k ' 



where we used the a priori bounds: > Po~'^ for some po < 1. 

We will use fl7.ip repeatedly but to do so we first need to estimate 
I AxqI- Let Az = z — z* and use the Lemmas 13.111 13.11 and 13.61 in the 
following estimate 

|(xo,yo)-(4,?/o)l<l^feW-TO*(^*)l 

<i^^-rai + ira*(^)-ra*(^*)i 

<0{p'') + \D{^-,r\-\Az\ 
= 0(p'= + a"-'= -p") 
= Oip% 

Thus, 

l-'ol Po 
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and 

Let r > and D > Ihe given as in Lemma [372] and > 1 as defined 
above. For g > small enough and n > 1 large enough we have 

(7-4) ^ = O(^) = 0((^)") = 0{pn < 
and 

(7.5) ■ = 0((/-^)") = 0{p^-) < 

Po (Po/2)« 2 

One has to be careful when applying (17. ip repeatedly. The points Q 
should not be too far from /* to be able to control distortion. 

Claim 7.4. For g > small enough and n > 1 large enough 



< DK{—)''-^-p^ + D^ 



for < J < 2 



n—k 



Proof. The proof is by induction: the statement holds for j = because 
D > 1. Suppose it holds up to j < 2""^^ — 1. The r— neighborhoods 
Ui{n) D I I were introduced in Lemma [3.21 The induction hypothesis 
together with (I7.4p and (17. 5p imply that 

G Ui{n - k) 

for I < j. Now repeatedly apply (17. ip and Lemma [372] to get 



<(i- + i)^^^ + ^^ 

Po l-'ol 
<DK{-r-^-p^ + D^-^'''^ 



'Po |/o1 
This estimate finishes the induction step. □ 

Now incorporate the estimates (17. 4p . (17. 5p in the Claim and together 
with (17. 3p . Lemma [773] follows. □ 
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Proof of Proposition \ 7.^ Let (1 — qi) ■ n < k < n and assume that 



the conditions of Lemma 17.31 are satisfied. Choose B G Let 
B G B'^-^iFk) be such that B = ^g(B), say B = B^- with < j < 2""'= 
odd. 

The pieces B* G < j < 2""'' odd, are curves on the 

graph of f^: contained in Bl{F^), that is, they have a bounded slope. 
This bounded slope implies that 

I r* I I 7* I 

\ij I ^ \ Jj\. 

This bound and Lemma imply that the Hausdorff distance between 
Bj and B* is 0(p«o-" ■ |/*|). We get that Bj = *o(Bi) is regular, which 
proves Proposition 17.2( 1). 

Let B G i3"+i[A;], say B = $^(B) with B G and B C 

Bj G B'^~''{Fk), for some < j < 2""^^. Recall that the scaling ratio 
of -B G B"'~^^ [k] is a measurement in vertical direction in the domain of 
Ffc. The relative displacement of every point z* G Op, is estimated in 
Lemma [7. 3[ These bounds imply 

\aB-(r-BA=Oip'n- 

This finishes the proof of Proposition 17.2( 2). 

To control the thickness associated to i? G B'^[k] we have to restrict 
ourselves to (1 — gi) ■ tt, < k < (1 — go) ■ ^- The piece B = B^, 
which determines the relative thickness of i? = \l'o(B) has a Hausdorff 
distance 0(p'^° " ■ |/*|) to B*, Lemma [7731 This piece B* is a curve in 
the graph of /* contained in B\{F^). This curve has a bounded slope. 
Hence, its relative thickness is proportional to its diameter, which is of 
the order a"'~^ < (t'^° ", see Lemmas 13. 1[ The control of the Hausdorff 
distance and the small relative thickness of B* implies 

5b = 0(p^°-") 

We finished the proof of Proposition 17.2( 3). □ 

7.3. Universal sticks created in the pushing-up regime. 

Definition 7.2. Given < go < Q'l, the collection Vn{k;qo,qi) of 
(go, qi) - controlled pieces consists of i? G B"'[k] with the following prop- 
erty. If B^^\ i = 0,1,2, ■■■ ,t, are the predecessors of -B = 5^°^ with 

k = ko{B) < ki{B) < k2{B) < ■■ ■ < kt_i{B) < kt{B) < n. 

then 

(1) ki+i<l{ki),i = 0,l,2,?>,...,t-l, 

(2) there exists <s< t such that (1 — gi)-n < ks{B) < (1 — go)-n, 
and 
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(3) h^iiB) < (l-gi)-n. 

Remark 7.2. The definition of controlled pieces is a combinatorial def- 
inition. It does not depend on F but only on the average Jacobian 
bp which is a topological invariant, |LMlj . If i? is a (go, q'i)-controlled 
piece of F then the corresponding piece B* is (go, i?i)-controlled piece 
of F,. 

The definition of controlled pieces implies 

(7.6) y GkiVnil;qo,qi)) =Vnik;qo,qi). 

k<l<l{k) 

Proposition 17.21 introduced the constants p < 1, and g* > 0. The 
constants a* > and A;* > are the optimal choice given by the 
Propositions 14.11 15.11 and 16.11 Now Proposition 14.11 and Proposition 
0(1) imply 

Lemma 7.5. Let a < a* . For every g* > gi > go > there exists 
n* > 1 such that every B G Vnik^qo^qi) and all its predecessors are 
regular when n > n* and k > k* . 

Lemma 7.6. Let a < a* . For every g* > gi > go > there exists 
n* > 1 such that for every B G Vn{k]qo,qi) and B G i3"^^[A;] with 
B C B 

and 

when n > n* and k > k* . 

Proof. Let us call the predecessors of B and B 

i = 0,1,2, ... ,t. Let ki = ki{B) = ki{B) and Si the relative thickness 
of B*^*\ where B^^^ = "^^^(3^^^), and CTj = cr-^ii), the scaling number of 
5W^^«(B«), i = 0,1,2,..., t. Observe, the piece B might have one 
predecessor more than B. 

Apply Propositions 15.11 and 16.11 In particular, 

(7.7) 5.-i<^5. + 0(a"-'=') 
and 

(7.8) =O((5, + a"-'=0 
for z = 1, 2, . . . , t. 
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Iterating estimate f l7.7p we obtain 

s 

(7-9) U 

where we used Proposition 17.2( 3) and property (2) of Definition 17.21 
We may assume a < p < 1. The first estimate of the Lemma follows: 



5^ = 5o<J25i = 0{p'' 



i=0 

To establish the second estimate of the Proposition, first observe that 

s-l 

(Jb(o) = a-Q(,s) + ^(cTB(i) — a-Q{i+i)). 

1=0 

Hence, by using (17.81) and (17. 9p . 

s-l 

|o"b(o) — a Bis) I < ^ |(T^(i) — a I 

i=0 

s 

1=1 

= 0(p^"" + a"-'^^ = 0(p''"-"). 

If i? G Vn{k,qQ,qi) and B* is the corresponding piece of F^,, then B* 
is also controlled. Namely, each l{k) = oo because bp^ = 0. Hence, we 
have the same estimate for the proper scaling 

This finishes the proof. Namely, B^'^^ E B'^^^[ks\ with {I — qi) ■ n < 
kg < n and we can apply Proposition 17.2( 2). 

Wb — O'^l = Wsm — crg(o) I 

< |<^B(0) ~ (^bM I + IcTrC^) ~ (^Bf.") I + Wb^.") ~ '^B(O) I 

= 0(p«'-"). 

□ 

The measurements of the pieces, such as scaling and thickness, are 
geometrical quantities observed when viewing a piece from its scale, 
they are geometrical measurements of B and not B itself. The next 
Proposition states that the actual pieces B inherit exponentially small 
estimates for their precision. The Proposition is also a preparation for 
the brute-force regime which concerns iteration of the original map. 
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Proposition 7.7. Let a < a* . For every q* > qi > qo > there exists 
n* > 1 such that 

Pn(A;;go,gi)c55„(0(p^°-")) 
when n > n* and k > k* . 

The estimates in the proof of this Proposition are hke the estimates 
used to prove the Propositions 14.11 15.H and 16.11 

Proof. Let B e P„(A;;go,gi) and B e B^+^lk] with B C B. Let B 
and B be such that B = ^o(B) and S = ^o(B)- The horizontal and 
vertical size of the smallest rectangle which contains B are h, v > 0. 
Let d > be the relative thickness of B, the absolute thickness of B is 
w = 5 ■ h. From Lemma 13.11 we get 

h,v = OK-'=). 

Moreover, the regularity of B gives 

h X V. 

The situation allows to apply Lemma 17.61 : 

(7.10) 6 = ©(p*?"-") and |aB - a^l = 0(p<?° "). 

We have to show that BnOp = "^oiBnOpJ is contained in a 0(p«o ")- 
stick. As before we will decompose \1/q into its diffeomorphic part 
(id+Sp) and its affine part. Let /idis, "^difi > be the horizontal and 
vertical size of the smallest rectangle containing the image of B under 
(id+Sg) and Wdis > the absolute thickness of its stick and adie > 
the scaling factor of the image of B under the same diffeomorphism. 
Then we have 

0"diff = 0"B5 
^^diff = V 

and, by recalling (15. ip . 

Wdiff = 0(w + a"-'= -h), 
hdis h. 

The last two estimates rely on v x h. The term h • a^~^ reflects the 
distortion of (id+Sg) on B determined by the diameter of B which 
is of the order a"'~^. The next step is to apply the affine part of \l/o. 
Denote the measurements after this step by /las, Vi,s, Wag, cTafj > resp. 
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Equation fl3.6p and Lemma 13.81 yield 

Oh 

Waff X (T Wdiff, 
(7.11) CTaff = CTdiff = CTb, 

Use the above estimates in the following 
Aiaff cr^'^ ■ h + 0"'^ ■ V 




Consider the smallest conformal image of a rectangle aligned along 
the diagonal of the rectangle containing B = \E'q(B), see Figure [721 
The precision of B will be better than the precision based on the mea- 
surements of this approximation of the stick. Let /' > be the length, 
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w' > he the absolute thickness and cr' > be the scahng factor of 
B G B within this rectangle. Then 



(7.13) I' = ^hl^ + vl^, 
and 

(7.14) W' < W7aff. 

First we will estimate the precision of a' . Let 7 be the angle between 
the diagonal of the rectangle and the horizontal. Observe, 

^aff 



cos 7 



~2~' 



see Figure I7.2[ The projection A/' of the horizontal interval of length 
Waff onto the diagonal has length 

A/' = Waff ■ COS 7. 

Observe, 

cr ■ / - (Taff ■ / < = ^aff 



2 

aff 



Then, by using ( 17121) and ( 17131) . 

(7.15) W - aaffi < ^ ■ < ^ = Oip'^n- 

Ks Ks + KS ^aff 

Use (17.101) . (17. lip , and (17.151) to estimate the precision of cr' 

(7.16) \a' -a*^\<\a'- a^s\ + l^aff - = 0(p'?°-'^). 

The estimate (I7.14p says that the height of the stick containing B is at 
most Waff. The relative height is estimated by 

(7.17) y<^^=^<T^-Oip^n, 

where we used (I7.12p and (I7.13p . The estimates (I7.16P and (17.170 con- 
firm that B G SSn{p'^°'^))i which finishes the proof of the Proposi- 
tion. □ 

7.4. Universal sticks created in the brute-force regime. 

Proposition 7.8. There exists e* > 0, and g* > such that the fol- 
lowing holds. Let e < e*, and < qq < qi < q* then there exists n* > 1 
such that if for < j < 2^'^~'^^>'' 
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with B G B"'[k], {I — qi) ■ n < k < {1 — qo) ■ n, and n > n* , then 
F^+\B) e 55„(0(e + p<?"-")). 

Proof. Choose B G B^[k] with {1 — qi) ■ n < k < {1 — qo) ■ n and 
B G with B G B. The iterates under the original map are 

denoted by Bj = F^{B) and Bj = F^{B), j < 2(^-i^>''. Assume that 
for some j < 2^^'"'^^'" 

B, G SSn{e). 

The piece 13 j is contained in an e-stick. Say iSj (1 Op is contained in 
a rectangle of length / > and height w < el. The smaller rectangle 
which contains BjCiOp has length ajl, where aj = and \(Jj—(J^j \ < 
e. Notice that we have to estimate the scaling factor and not ctb^, 
compare remark WTi 

Apply F to this rectangle. The stick which contains -Bj+i has length 
/' > and height w' > 0. The relevant scaling factor of -Bj+i is o"j+i = 

Choose, M, m > such that 

m\v\ < \DF{x,y)v\ < M\v\. 

This is possible because F is a diffeomorphism onto its image. However, 
m = 0{b). Let K > be the maximum norm of the Hessian of F. The 
diameter of Bj n Op, which is proportional to /, is of the order a", see 
Lemma 13.11 We can estimate the sizes w' and a' by applying the 
derivative of F and correcting for distortion which is bounded by KP. 
Let D be the absolute value of the directional derivative of F in the 
direction of the rectangle containing Bj, measured in a corner of the 
rectangle. Then 

I' >Dl- 2Kf - 2Mw, 
w' <Mw + 2Kl'^, 

Observe, 

■ I' - D ■ aj ■ l\ < 2Mw + 2KP. 
Let us first estimate the relative height of the stick of Bj^i. Use w < el, 
w' ^ Mel + 2KP 



I' - ml- 2KP - 2Mel 



(7 18) M K , 

^ ' < e + 2 I 

- m-2Kl- 2Me m - 2KI - 2Me 

= 0(e + a") = 0(e + p^«"), 
when e < e*, qo < ql small enough, and n > n* large enough. Similarly, 
(7.19) =0(e + p*'"). 
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Use remark 16.31 and apply Proposition 13.31 to get 

(7.20) kB.-^Bl = 0(p'""), 

with < s < 2(i-«i)-". 

We need to estimate the scahng factor cxj+i of -Bj+i. Use fl7.19p and 
fl7.20p and and the notation a* = . Then 

(7.21) <0(e + p^°") + e + 0(p««") 

for e < e*, < go < <?* small enough and n > n* large enough. The 
estimates (17.181) and (17.211) together finish the proof. □ 

8. Probabilistic Universality 

In this section we are going to estimate the measure of the pieces 
created in the three regimes, see Proposition 18.61 Let a = a*,e* > 0, 
and < ql < 1/3 small and k* > 1 large enough to allow the use of 
the Propositions 17.71 and l7.8[ 

For each n > 1, let hq^u) x Inn be the smallest integer such that 

/ /€o n = 2"o(") ■ + Ko{n)>n. 

in a ma 

For n > 1 large enough we have 

Inn 

(8.1) /€o(n) < 



In 2 



Lemma 8.1. Given qq < qi. There exists n* > 1 such that for n > n* 
and Koi^n) < k < {1 — qo) ■ n, 

KVn{k-qo,q,))>[l~^^^^^^]-KE% 

Proof. Let f3n{k;qo,qi) = fi{E'' \ Vn{k]qo,qi)) be the measure of the 
uncontrolled pieces. The construction implies immediately 

(8.2) /3n{k-qo,qi)=fi{E^), {1 - qo) ■ n < k < n, 
and 

(8.3) f3n{k;qo,qi) = 0, {1 - qi) ■ n < k < {1 - qo) ■ n, 

every piece in the one-dimensional regime is controlled. The Lemma 
holds for (1 — gi) ■ n < A; < (1 — go) ■ f^- This implies that the fraction 
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of the uncontrolled part in Ui>(i_g^).„i? is 

.g_4. Er=(l-,0.n/3n(^;gO>gl) ^ 1 

\ ' / TiiA —n^ \■r^.\ — 



Observe, 

n „ ^ „ 1 In & In a 

/ I - gi ■ ^ - 1 = 2(^-''^)-"-i ■ + 1 - . n - 1 

m (7 in a 



> 2(i-9i) "-i > 



holds when n > 1 is large enough. All pieces in with k > 

(1 — gi) ■ n are not too deep for level (1 — gi) ■ n — 1. Hence, equation 
(17.61) reduces to 

Vn{{l-qi)-n-l;qo,qi)= [j G^i-q,).n-i{Vn{l;qo,qi))- 

{l—qi)-n<l<n 

Hence, using fl8.4l) . 

n 

Pniil - qi) ■ n - 1; qo, qi) = ^ go, gi) 

l={l-qi)-n 

Now we finish the proof by induction. The Lemma is proved for k = 

(1 — gi) ■ n — 1. Assume the Lemma holds from (1 — gi) ■ n — 1 down to 

A; + 1 < (1 — gi) ■ n — L Because k > K,o{n) we have l{k) > n. Hence, 

1 

2l+i ■ 



again by using ([72]), ([H2]), (O, and /i(E') = ^irr, / > 0, we get 



K'Pn{k;qo,qi)) = K [j Gk{Vn{l;qo,qi))) 

l=k+l 

(l-(/i)-n.-l (l-go)-" 

= f'i'Pn{l;qo,qi)))+ M^') 

l=k+l l={l-qi).n 

^ (l-gi)-n~l ^ 

- 9(<7i-<?o)-n+l'* ' [ Y ^^^^ ) + 2(l-'?i)-"- 

/=fc+l 

(l-<?i)-n-l 



1 


2(91- 


-(?o)-"+l 




1 


2(91- 


-qo)-n+l 




1 


2(91- 


-go)-n+l 
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□ 

Proposition 8.2. Given Qo < Qi < Qi- There exists n* > 1 such that 
for n > n* and k < {1 — qo) ■ n 

f,{V4k; go, gi)) > [1 - ^(^7^^ - 2^ 2^{wf] ■ ^^{E% 

l=k 

y;/,ere7 = -|^G (0,1). 

Proof. According to Lemma [5?T| the Proposition holds for KQ{n) < k < 
(1 — go) ■ The proof for the lower values of < K,o{n) is by induction. 
Assume by induction 

Ko(n)-l 

/3.(fc;go,gi))<[ ^(,,,,„,.^, +2^ J2 Ab-f].f.iE% 

l=k 

which holds for k = Ko{n). Suppose it holds from K,o{n) down to 
k + 1 < Ko{n) . Observe, 

1 In a r I In b 1 ofc Ina In 6 ofc 



2'(fc) 
Hence, 

(8-5) ^ S 2iK . (Pf. 

Use (18. ip and observe. 

In cr mo" 

1 In a In a 

= + 1 f^o{n)) - h Ko{n) - 1 

2 In cr In 0" 

<ki + ^i^M) + o(i) 

2 

1 / Inn , , 
< (1 -gi) -n, 

holds when n > n* large enough because g^ < |. Hence, for n > 1 
large enough, we have 

(8.6) l{k) < l{Ko{n) - 1) < {1 ~ qi) ■ n. 
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Use (17. 6p . the induction hypothesis, fl8.5p . and f l8.6p in the following 
estimates. 

m 

Pn{k;qo,qi))< Yl /3n(/;go,gi) + /i(5'^')+') 

l=k+l 

Ko(™)-l Hk) 
l=k+l l=k+l 



1 


2(91- 


-qo)-n+l 




1 


2(91- 






1 


2('?i- 


-qo)-n+l 



l=k+l 
Ko(n)-l 

l=k 

where the last equality uses ^{E^) = ^fcrr- ^ 

For each K > and 6 < 1, let be the largest integer such that 

2"(") < Kn\nl/e. 

Lemma 8.3. There exists K > such that for every 6 < 1 there exists 
n* > 1 such that K{n) > k* for n > n* and 

OO 

2^ J2 ^Kb-'f < 

l=K{n) 

Proof. Observe, 

OO 

l=K{n) 

To achieve the property of the Lemma it suffices to satisfy 

In 2''(") + 2''(") In 6^ + 0(1) < n In 0. 
In turn, this holds when 

n\nl/d- \^K\n}p + l] + 0{l) < 0. 
This holds for large n>l when > is chosen large enough. □ 

In the sequel we will fix i^' > according to the previous Lemma. 
For each Q > and 9 <1, define go by 
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and 

* = + 2^2' 

Lemma 8.4. For every 6 < 1 there exists n* > 1 such that for Q > 
and n > n* 

, \ ^. < Ir. 

2(9i-'?o)-n+l — 3 

The brute- force regime consists of iterates of IJiiK(n) " "^"(^j lo^Qi) 
to just one step before the moment of return to B'^^"'^ = IJi^K(n) '^^^ 
return uses exactly 2"^"-* steps. Thus we obtain for each choice Q > 
and ^ < 1, the collection 

2«(")-l (l-go)-n 

(8.7) ^n= U U Vn{l;qo,qi)) 

j=0 l=K{n) 

Proposition 8.5. There exist Q > and 6* < 1 such that the following 
holds. For 6* < 6 < 1 there exists n* > 1 such that for n > n* 

Proof Take B e ULTa^^nil ■,qo,qi). According to Proposition O 
there exists C > such that 



^<?o■'^■J 



(8.8) B G SSniCp'' 

when 6 < 1 close enough to 1 and n > 1 large enough (Recall that go 
depends on 6). Now consider an image F^{B) with j < 2''(") - 1 < 
2(i-(?i) n_ ]3g]2ote its precision by ej. This is a piece in the brute-force 
regime. If 6' < 1 close enough to 1 and n > 1 large enough we can 
apply Proposition 17.81 there exists r > 1 such that if < e* then 

(8.9) e,^i<r-(e,+p^n- 
Choose Q > large enough such that 

3 

Qlnp + /Clnr + - < 0. 

This choice implies 

(8.10) p''« "-r2'''"' < (^t)'^. 

Now we can repeatedly apply (18.91) : for n > 1 large enough and < 

j < 2''(") 

i-i 

i=0 

<(C+ ^— ) ■ p""-" ■ r^'^'"^ < < e*. 
r — 1 



HENON RENORMALIZATION 51 

Every piece in Vn is 6'"-universal. □ 

In the sequel we will fixed Q > according to the previous Proposi- 
tion. 

Proposition 8.6. There exists 6* < 1 such that the following holds. 
For 6* < 6 < 1 there exists n* > 1 such that for n > n* 

liiVn) > 1 - 9\ 

Proof. For 6 < 1 close enough to 1 we have 

2|-Qini/e — 
Hence, for n > 1 large enough 

Kn\nl/9 1 ^„ 

2{l-Qlnl/e)-n+l - 3 

For 6 < 1 close enough to 1, and n > 1 large enough we can apply 
Proposition 18. 2[ Lemmas 18. 3[ 18. 4[ and f l8.1ip to obtain 

(l-go)-". 

/i(P„)=2'=(")-M U Vn{l;qo,qi)) 

l=K(n) 

(l-go)-n 

> 2'^(") . (1 - -r) . fi{E^) 
3 

^ ~ 3^ ^ ' ^ 2(i-g())-«+i 



>n-^^"i n Kn\ni/e . 

— ^ ^ ' ^ 2{l-Qhil/9)-n+l' 

> 1 - 



□ 



The Propositions 18.61 and 18.51 confirm probabilistic universality, The- 
orem [7]T1 

9. Recovery 

The pieces in which are contained in ^"-sticks can be determined 
by pure combinatorial methods. In [CLM] , it has been shown that 
there are pieces which are not contained in ^"-sticks. Probabilistic 
universality says that these bad spots will be filled on deeper levels with 
pieces contained in sticks with exponential precision. This recovery 
process has a combinatorial description. 
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A piece B E B"^ has an associated word uj = W1W2 ■ ■ - Wn, with letters 
Wk G {c,v}, such that 

where t/'^ is the non-affine rescahng used to renormahze R^F, and to 
obtain R^^^F and ip^ = R^F o ip'^. If _Bi, i?2 G are the two pieces 
contained in B then the associated words for Bi and B2 are and 
wv. This discussion defines a homeomorphism 

The relation between the ki{B), i = 0,1,2, ... ,t, which define the 
predecessors oi B E and the word uj = W1W2 ... w„ is as follows. If 
i G {ko{B), ki{B), . . . , kt{B)} then Wi = c, otherwise Wi = v. 

In the previous section we constructed the collection P„ C SSn{0"-), 
see (18.71) . The word u = W1W2 ... of a piece B EVn is characterized 
by 

(1) If A; > K{n) and Wk = c then there exists k < i < l{k) with 
Wi = c. 

(2) There exits n — qi-n<k<n — qQ-n with Wk = c. 

Remark 9.1. Recall, go, qi, and the function l{k), depend only on the 
average Jacobian, which is a topological invariant, see [LMlj . The 
characterization of the pieces in Vn is purely topological. 

Definition 9.1. A point x E Op is eventually controlled if there exists 
iVa, > 1 such that for all n > there exists n — qi-n<k<n — q^-n 
with 

Wk = c, 

where w{x) = wiW2Ws .... The collection of eventually controlled 
points is denoted by Cp C Op- 

Lemma 9.1. The set of eventually controlled points satisfies ^{Cp) = 1 
and 

Cp= U f]V^. 

N>1 n>N 

Proof. There exists k* > 1 such that (1 — qi) ■ l{k) > k for k > k*. Let 
X G Cp. Choose n > 1 large enough such that n > n{n) > and 
K,{n) > k*. The piece Bn{x) G B" contains x. Then Bn{x) satisfies 
property (2). 

Choose k > /t(n). Then l{k) > (1 - qi) ■ l{k) > k > /t(n) > N^. 
Hence, there exists Wi = c with (1 — qi) ■ l{k) < i < (1 — go) " K^)- Now, 
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^ > (1 — Q'l) • /(^) > k. Moreover, i < {I — qo) ■ l{k) < l{k). The piece 
Bn{x) satisfies property (1). We proved, 

(9.1) xe fl Vn. 

Choose X G nn>Ar^n- Then property (2) imphes that for every n> N 
there exists n — qi-n<k<n — qo-n with 

Wk = c. 

We proved that f]n>N'^" C Cp, for N > 1. The statement on the 
measure of Cp follows from Proposition 18. 6[ This finishes the proof of 
Lemma 19.11 □ 

The recovery process can be described by using Proposition 18.51 and 
(EH) 

Proposition 9.2. // x G Op is controlled then and K,{n) > then 

Bnix) G SSn^. 

Remark 9.2. Given a conjugation h : Op^ Op^ then hp^ = bp^, see 
[LMlj . and h{Cp^) = Cp^. The set of controlled points is a topological 
invariant. 



H • h 



ki 



n 



n — qi • n n — q^ ■ n 



Figure 9.1. 



10. Probabilistic Rigidity 

The geometry of large parts of Op resemble that of the geometry of 
Op^, see Theorem 17. H probabilistic universality. The large parts are 

(10.1) = n sSkie''), 

k>N 

where 6 < 1 is given by Theorem 17. H with 

M^^) > 1-0(0- 

Let 

N>1 
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and note = 1. 

As a consequence of a result from [CLM] we known that there is no 
continuous line field on Op consisting of tangent hues to Op. How- 
ever, the first step towards describing the geometry of Op will be the 
construction of tangent lines to Op in all points of X C Op. Choose 
N > 1 and define for n > N 

as follows. Let x G X^v and let Bn{x) G S", n > X, be the piece 
with X G Bn{x). The part Op H -B„(x) is contained in a 6'"'-stick see 
Figure 110.11 The direction of the longest edge of this stick is denoted 
by T„(x) G F\ 

The a priori bounds give that the scaling ai of Bn+i{x) is strictly 
away from zero. Namely, ai = crB^^-t^^x) > ^b^+-^(x) — > a > 0. The 




Figure 10.1. 

angle between Tn{x) and T„+i(x) is of the order 9^, see Figure 110.11 
The piecewise constant functions T„ form a Cauchy sequence, 

(10.2) dist(T„+i(x),T„(x)) = 0(6^). 

for n > N and x G Xat. The limit is denoted by 

T = lim T^: Xn ^ P^ 

n— >oo 

The construction implies that we get in fact a map 

T : X -> P\ 

The actual line through x E X C Op with direction T{x) is denoted 
by c R\ 
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Definition 10.1. The Cantor set Op is almost everywhere (1 + 
dijferentiable if for each > 1 there exists Cjy > such that 

dist{x,TxQ) < Cn\x — XqI^'^'^ 

when X G Op, Xq G X^. 

The tangent hne field of Op is weakly (5-Hdlder if for each > 1 
there exists C^v > such that 

dist(T(a;o),T(xi)) < Cn\xo - Xif , 

with Xq, Xi G X]S[. 

Remark 10.1. The objects we consider have Holder estimates on the 
growing sets X^. Although, the increasing sequence of sets Xi C 
X2 C X3 C ■ ■ ■ is intrinsically related to the notion of being almost 
everywhere Holder we will suppress it in the notation, instead of using 
almost everywhere Holder with respect to the sequence {X^v}. 

Theorem 10.1. The Cantor set Op is almost everywhere (1 + /?)- 
dijferentiable, where (3 > is universal. The tangent line field is weakly 
P-Holder. 

Proof. Choose A^ > 1. Let 

d]y = min diam(5 H Op) > 0. 

Choose, Xq,Xi G X^v. We will find a uniform Holder estimate for the 
function T\X]\f in these two points. Let n > 1 such that Xi G Bn{xo) 
and Xi ^ Bn+i{xo). To prove a Holder estimate we may assume that 
n > N. The a priori bounds for the Cantor set of the one-dimensional 
map and the probabilistic universality of Op observed in the sets 
Xn, see (110.11) . give a p < 1 such that 

\xi — Xo\ > p"^^ ■ d^. 

Estimate (110. 2p implies 

dist(T(xi),T(xo)) < dist(T(a;i),T„(a;i)) + dist{Tn{xo),T{xo)) 

= o(r) 

< Cn\Xi — Xq\^. 

where Cn = 0{jj^) and /3 > is such that 

(10.3) p^ = e. 

The estimate only holds when xq and xi are in the same piece of . 
To get a global estimate we might have to increase the constant to 
obtain 

dist(T(xi), r(xo)) < Cn\xi - Xof, 
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for any pair Xo,Xi G X^. 

Choose X E Op to prove that T^^, Xq G Xjy, is a /3— Holder tangent 
hne to Op. Again let n > 1 such that x G i?„(xo) and x ^ i?„+i(xo). 
The distance between xq and x is bounded from below when n < N . 
To find the Holder estimate for the distance between x and T^^ we 
may assume that n > N. Recall, dist(T{xo),Tn{xo)) = 0{6") and 
I2; — xol > p"~^ ■ (In- Denote the length of the stick which contains 
Op n Bn{xo) by / > 0. The a priori bounds imply 

/ = 0(|x-xo|). 

Then 

dist(x,T,J = 0(n-^ 
(10.4) = 0{ip^f\x - xo\) 

< Cn\x-xo\^^^. 

This estimate holds when xq, x are in the same piece of . We might 
have to increase the constant Cn to get a global Holder estimate. □ 

In [CLM] it has been shown that the Cantor attractors Op, with 
bp > 0, can not be part of a smooth curve. 

Theorem 10.2. Each set X^r C Op is contained in a C^^^ -curve. 

Proof. The proof will not use the specific structure of the set X^q de- 
scribed by the pieces in B^. The proof holds for every closed set in the 
plane with tangents line to each point with Holder dependence on the 
point. 

We will construct a C"'^"*"^-curve through every set Xj^ fl B with B G 
B^~^^ and i^" > large enough. This suffices to prove the Theorem. 

Choose B G with X^nB For each xq e XnHB consider 

the cusps 

S,, = {xe 5|dist(x, <Cn\x- xol'"-^}. 
Note XnHB C S.^,. Thus 

S= fl S.DX^nB. 

Fix K > large enough such that each \ {x} has two components. 
This defines already an order on X^ H B. Write 

\ {x} = St u S-, 

where are the connected components. We may assume that the as- 
signment of connected components preserves the order in the following 
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sense. If Xi G St, then 

A point X G Xjv is a boundary point of X^r if 5'+ fl Xjv = or 
S~ n Xtv = 0. a connected component G C S \ Xjy, see Figure 110. 2[ 
is called a gap of X^r. For every gap there exist two boundary points 
Xo,Xi G Xn such that 

Consider a gap between two boundary points Xq and Xi and the graph 




Figure 10.2. 



over the tangent line T^g of a cubic polynomial 7g which passes through 
Xq and Xi and is tangent to the tangent lines T^g and T,,^. Denote the 
graph of 'Jg also by 7^. A calculation shows that 

and if D'-fcix) G is the direction of the tangent line to the graph 7^ 
at a point x G 7g then 

ID^ciy) - D^Gix)\ < 21CN\y - xf. 

In particular, the distance between the tangent directions along the 
curve and the direction at the boundary points shrink to zero as the 
diameter of the gap shrinks. This implies that the closure of the union 
of the curves 7^ 

7 = Xat U y 7g 

G 

is a curve. 
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Left is to show that the tangent direction is . Choose xq, xi G 
7. Let ao G 7 n Xjq be the closest point to Xq on the hne segment 
between xq and Xi. Similarly, let Oi be the closest point to Xi. If 
Xo G G then oq is a boundary point of the gap G, See Figure [T0l2l For 
K > Q large enough, the distances between these points are, up to a 
factor close to 1, equal to the corresponding distances of the projections 
of these points to the tangent line through oq. We may assume that 
\xi — Oil, !«! — flol) ~ Xo\ ^ 2|xi — Xq\. Then 

|L'7(xi) - £'7(xo)| < Cat ■ {21|xi - aif + \ai - aof + 21|ao - xq^} 
< 86Cjv|a;i -XqI^. 

The curve 7 is C^^^ and contains H B. □ 

The following Theorem is an answer to a question posed by J.C 
Yoccoz. 

Theorem 10.3. The Cantor attractor Op is contained in a rectifiable 
curve without self-intersections. 

Proof. Let F„ : [0, 1]^ — )■ [0, 1]^ be the ?T,*''-renormalization of F. The 
piece Bl{Fn) C Dom(F„) is strip bounded between two horizontal line 
segments and B],{Fn) C Dom(F„) is strip bounded between two vertical 
line segments. Let 7„ be a collection of three line segments which 
connects the two pieces and each piece with the horizontal boundaries 
of Dom(F„) = [0, see Figure [lOJl 




For each n > 1 we will construct inductively a curve F" in the domain 
of F which passes through all pieces -B G i3" of the n*^-cycle of F. Let 
F^ consists of 7n and curves in the boundaries of Bl{Fn) and B\{Fn) 
connecting the end points of 7^, see Figure 110.31 

Suppose F^_,_^ is defined and its end point are in the two horizontal 
boundary part of the domain of -Ffc+i, see Figure [T031 Let F^ be the 
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curve connecting the top and bottom of the domain of consists of 
the curves 

where g"^ consists of the two shortest horizontal hne segments connect- 
ing the endpoints of 'ipyiX^+i) 'with the end points of 7/c and the two 
vertical line segments connecting the endpoints of with the 

end points of 7fc, see Figure [TIOl Let F" = Fq. 

The curve F""*"^ is obtained from F" by changing it inside the pieces 
of B^. Hence, 

This refinement process induces natural parametrizations of the curves 
F" where the parametrization of F"^"*"^ is obtained from the one of F"^ 
by only adjusting only inside the pieces of In each piece -B G 
the curve F""*"^ is partitioned into five sub-curves, see Figure 110.31 The 
refinement of the parametrization of F" spends equal time in each of 
these five sub-curves. The diameter of the pieces in decay expo- 
nentially fast, sup^gg^ diam(i?) = 0((t"). The construction and this 
decay imply that the parametrization have a uniform Holder bound. 
This bound allows us to take a limit. Let F be the limiting Holder 
curve. It contains Op- 

The maps ip^ and are contracting distance by at least for 
k>l large enough, see Lemma [3.11 Denote the length of F^ by |F^|. 
Then, 

|Ffc| < — ■ IFfc+il + |7fc| + |c/fc| 

< — - IF" 1-1-4 
-2.5 

The curves F^ have a bounded length. In particular, the limiting curve 
F is rectifiable. 

Outside the pieces 5 G i3" the curve F coincides with F" which 
consists of non-intersecting curves. A self-intersection has to be a point 
X & Op. Let Bn{x) G i3" the piece which contains this self- intersection. 
The interval of parameter values which correspond to points in Bn{x) 
is an interval of length 0(1/5"). This means that the parametrization 
is injective. There are no self-intersections. □ 

Remark 10.2. The curve F for the degenerate maps follows the same 
combinatorial construction as for a non-degenerate maps. This implies 
that the order of the pieces S G in the curve F is the same order as 
observed in one- dimensional maps. 
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Remark 10.3. The relative height (or thickness) of a piece B ^ B"' 
coincides with the number P{B) < 1 introduced by P. Jones. In [JJ, 
Jones characterizes sets which are contained in rectifiable curves. A 
set O is contained in a rectifiable curve if and only if its diadic covers 
B"' satisfy the summability condition 

J2 l^^iB) ■ diam5 < oo. 

n>l BeB'^ 

In the present case of Op, one can use the dynamical covers B"" instead 
of the diadic ones. Since diam(i?) = 0(0"") with 2a < 1, the set 
Op satisfies the summability condition with respect to these covers. 
The diameter of the pieces decay fast enough so that we do not have 
to consider actual geometrical information of the pieces: the bound 
P{B) < 1 suffices. For completeness we include a direct proof for 
rectifiability using the strongly contracting rescalings ip^ and ip'^. 

The sets have better geometrical properties. The relative height 
(or thickness) of the pieces covering Xn and the corresponding num- 
bers /3{B) decay exponentially fast. This is responsible for the smooth 
curves containing these sets. 

The tangent bundle over Op is defined by 

TX = {{x,v) eX X M> e TJ. 

If y C X then the tangent bundle over Y is denoted by 

TY = {{x,v) e TX\x e Y}. 

We identify C M^, {x} x T{x) C TX with the tangent space at 
X & X G Op. Let VTa; : — )■ be the orthogonal projection. 

Let Y C Op-^. A map h : Y h{Y) C Op^ is differentiable at 
Xq € F if Xq and h{xQ) have a tangent line, and there exists a linear 
Dh{xo) : T^g — )■ Th(xo) such that for x G F 

h{x) = h{xo) + Dh{xo){'JTxg{x) - xq) + o{\x - Xo\). 

We will identify Dh{xQ) with a number. 

A bijection h : X ^ h{X) C Op^ is almost everywhere a (1 + /?)- 
diffeomorphism if for each > 1 the restriction hlX^ is differentiable 
at each x E X^ and 

Dh : TXn Th{XN) 
and its inverse are /3-Holder homeomorphisms. 

Let Op^ be the Cantor attractor of the fixed point of renormalization, 
the degenerate map F^. Its invariant measure is denoted by fj.^. In 
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|LMlj it has been shown that every conjugation which extends to a 
homeomorphism between neighborhoods of Op and Op, respects the 
orbits of the tips. We will only consider conjugations 

h-.Op^ Of, 

with h^Tp) = Tp,. 

Definition 10.2. The attractor Op of an infinitely renormalizable 
Henon map F G Hni^) is probabilistically rigidif there exists /3 > such 
that the restriction h : X ^ h{X) of the conjugation h : Op — )■ Op,, 
is almost everywhere a (1 + /3)-diffeomorphism. 

Theorem 10.4. The Cantor attractor Op is probabilistically rigid. 

Proof. Fix > 1 and choose G SSi\i{9^) which intersects Xjsf. 
Consider the stick which contains B^. Call one of the long edges of 
this stick the bottom and choose an orientation of this line segment. 
It suffices to show the differentiability of the conjugation restricted to 
such a piece. 

We will construct a curve containing Xjsf fl B^. This curve will be 
the closure of a countable collection of pairwise disjoint line segments. 
These line segments are called gaps. This piecewise affine curve is 
better adapted to the problem at hand than the curve of Theorem 
MM Let 

Xj^{k) = {Be SSkie'')\B n X;v 7^ and 5 C 5°}. 

Given B G XN{k). Let 5 > be the relative height of the stick of B and 
(Ti, (J2 > the scaling factors of the two pieces -81,-82 G B^~^^ contained 
in B. The stick of B has three parts. Two rectangles of relative length 
CTi and (72 containing respectively Bi and B2 and the the complement 
within the stick. This last part does not intersect X^. It could be that 
one of the other parts also does not intersect X^. At least one of the 
parts does intersect Xj^. Let E be the union of the parts which do 
not intersect Xj^ and H_ and be the vertical boundaries of E, see 
Figure I1U.4I 

The gap of B will be a line segment Gb connecting with H^. Let 
Bi G which intersect I = k, . . . , L. Choose 

L 

x+eH+nOpn[]Bi. 

l=k 

The point a; J is uniquely defined when L = 00. In fact, it will be a 
point of Xn. When L < 00 we have some freedom choosing x^. Choose 
it to be the closest point to the bottom of Bq. Similarly, choose a point 
G H_. The gap of B, denoted by Gb, is the line segment (a;^,x^). 
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Figure 10.4. 



The length of a gap is defined by 

\Gb\ = - x]^\. 

Remark 10.4. The gaps are pairwise disjoint. For Bi G Xi^{k+ 1) and 
B e X]sf{k) it might happen that Gbi and Gb have a common endpoint. 
The angle between the gap Gb and the bottom oi B e X^ik) is of order 
9'^. This is a consequence oi S — 0{9^) and the a priori bounds on ui 
and (72. 

There is a natural order on n B^ and the collection of gaps. It 

coincides with the order of the projections of Xn and the gaps onto the 
bottom of B^ . Let us define the order between some x G Xjv H B^ and 
a gap Gbi- Let k > N he maximal such that there is 5 G Xisi{k) with 
X e B and Gbi n S 7^ 0. The stick of B has three parts as described 
above. Observe, x and Gbi cannot be in the same part of the stick of 
B. The angle of the axis of B with the bottom of B^ is of order 6^ . 
This defines an order on the three parts of this stick. Accordingly, this 
defines whether x > Gbi, or, x < Gbi- 

The 5'ap-distance between x,y E X^ n B° is 

x<GB<y 

The gaps between x,y G Xpfd B^ form a curve 

[x,y]g= U 

x<GB<y 

It is a graph over the tangent line of x. 
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Claim 10.5. li x,y e B (IX^ with B G X^lk) then 

1 + 0(0'=). 



\x - y\ 



\x-y\ 

Proof. Let tt^ be the projection onto the tangent hne of x. Then 

(10.5) \x-n.,{y)\= Yl 

x<Ggi<y 

The angle between each gap Gb' between x and y, and the tangent hne 
of X is of order 9^, see (110. 2p and remark [10.41 This imphes that 

(10.6) ^^#^ = l + 0(^^'=). 

The Cantor set (9^ is almost everywhere differentiable, see Theorem 
110.11 In particular, use (110. 4p to obtain 

(10.7) \^-'^M\ + 

F -2/1 

The estimates (ITaHll . ( ITaGll . and (ITirTD prove the Claim. □ 

Given a piece 5 of F, the corresponding piece of is denoted by 
5* = h{B). 

Claim 10.6. Let Bi G A'^(/) with Bi C Bk e A'^(fc). Then 

ln|^-^ = 0(^^'=). 

Proof. The Claim holds for I = k + 1 because the relevant pieces are 
in SSk{0'') and SSk+i{0''^^). In general, there is a unique sequence of 
pieces Bj G X^ij), k < j < I with C Bi_i C . . . C B^.. Then 

ln|^ ■ 1^ = ElnJ^ ■ t|?^ = E0(9^) = 0(9-=). 



Gsfc Cfi,* K^-B, K^B* , 1 1 ■ , 



□ 



C/aim 10.7. Let x,y,z G Xa? fl i? with B G A:'Ar(fc) and x*,y*,z* G 
h{Xi\f) the corresponding images under /z. Then 

/y» 111 ri^^ 'y'^ 

In . ^ ^ = o(^^'=). 

I ^ 1 9 F "Is 



Proof. Claim 110.61 gives for every piece B C B 

\Gb\ = \GbA-^- {1 + 0(6')). 
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This imphes 



\X - y\g _ l^x<B<y I'-^B 



k ^x<B<z \^b\ 

_ J2x*<B*<y* \^B' 



'^x*<B*<z* \^B 

\x* -y*\, 



[1 + 0(9')) 



This finishes the proof of the Claim. □ 

A reformulation of this Claim is the following. Let x,y,z E H B 
with B G XN{k). Then 

(10.8) I In - In '^(f I = 0(9% 

This implies that for x,y & fl B^ the following limit exists. 



Dh{x) = lim 



\h{y) - h{x)\g 



y^x \y — X\g 

Moreover, the limit depends continuously on x. 

Claim 10.8. There exists a universal f3 > 0, independent of N, such 
that Dh: Xn is /3-Holder. 

Proof. Choose Xq,x G X^ fl B^ to prove a Holder estimate for In Dh. 
Let k > N he maximal such that x G Bk{xo). Observe, as before in 
the proof of Theorem 110. H 

k-xol > p'^"^ ■ diam(5°) 

where p < 1. Choose /3 > such that = 9. Then 

(10.9) 9' = 0{\x-xof). 
Hence, using (IHTSD and 

I \nDh{x) - lnD/i(xo)| = 0{9') = 0{\x - xof). 

This suffices to show the Holder bound for Dh. □ 

We will identify Dh{x) with a linear map Dh{x) : — )■ T/i(^). The 
positive function Dh is bounded. This bound, (110. 8p . and Claim [T03| 
imply that for x, Xq G X^r 

(10.10) \h{x)-h{xo)\=0{\x-xo\). 
Claim 10.9. For x, y G Xjv n 

\h{y) - /i(x)| = L>/i(x) ■\x-y\-{l + 0{\x - yf)). 
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Proof. Let k > N he maximal such that y G Bk{x). Apply Claim [111751 
fllO.Sp . and f ll0.9p . in the following estimate 

= {l + 0{e^)) ■ Dh{x) ■ \y-x\g 

= (1 + 0{\y - xf)) ■ Dh{x) ■ \y - x\. 

□ 

Now we are prepared to show the differentiability of h. Choose 
x,Xq G Xjv n . Let > be maximal such that x G B^Ixq). 
Let A = Dh{xo){n^o{^) - xq) G T^^^^y Claim [JUSl ffnTTj) . and ffTOl)]) . 
imply 

(10.11) |A| = \h{x) - h{xo)\ ■ (1 + 0{\x - xol^)). 

Let J = 7r?,(^o)(/i(x)) - h{xo) G T/,(^o) and V = h{x) - ■Kh{xo){h{x)). 
The image hlOp) is contained in a smooth curve, the image of the 
degenerate map F*. Hence, 

\J\ = \h{x) - h{xo)\ ■ (1 + 0{\h{x) - h{xo)n) 

= \h{x)-h{xo)\-{l + 0i\x-xof)) 

and 

(10.13) \V\ = 0{\h{x)-h{xo)\'). 

Apply ffTOTTD . ffT032D . ffT033D . and ffTOTOj) . in the following estimate 
/i(a;) = h{xo) + A + ( J - A) + 1/ 

= /i(xo) + A + 0{\h{x) - h{xo)\ ■ \x - xof) + 0{\h{x) - h{xo)\'') 

= h{xo) + Dh{xo){TT^,{x) - Xo) + 0{\x - Xo\^^^). 

This finishes the proof of the differentiability and the Theorem. □ 
Remark 10.5. The conjugation h : Op Op^ satisfies 

h{x) = h{xo) + Dh{xo){7c,,{x) - Xo) + 0{\x - Xo|'+^) 

in almost every point Xq G Op. Observe, that the Holder exponent is 
universal. The Holder constant tends to infinity when h is restricted 
to larger and larger sets Xjv, when N ^ oo. 

The Cantor attractor Op has two characteristic exponents, [O] . One 
is zero the other is In bp, see jCLMj . The function T : X — >■ con- 
structed before defines a measurable line field, with respect to fj,, on 
Op. 
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Proposition 10.10. The line field 

is the invariant line field of zero characteristic exponent. 
Proof. For each point xq E X we have, see Theorem llO.li 

dist{x,T^o) <Cr,o\x- xo\^^^ 

with X ^ Op. The map F is a diffeomorphism which preserves Op. 
Hence, 

dzst{x, DF{xo)T,,) = 0{\x - F(xo)r+^) 

with X G Op. For almost every xq E X we have F{xo) G X. Hence, T 
is an invariant hne field, i.e. for almost every xq € Op we have 

DF{xo)T^o = Tf(xo)- 

The map F has only two invariant lines fields, the two characteristic 
directions, [O]. Left is to show that T(x) corresponds to the zero 
exponent. 

Choose > 1. For almost every Xq G X^r there are t„ — i- oo such 
that 

F'-{xo)eX^. 

This is because the ergodic measure /i assigns positive measure to X^. 
Let V G Tj-Q and G Thi^^o) be unit vectors. Apply the chain rule 

\DF'-{x^)v\ = \Dh-\F,{h{x^)))\ ■ \DF',"{h{xo))Dh{xo)v\ ■ \Dh{xo)\ 

X \DFt'^{h{xo))v,\. 

Observe, v^: G Th(xo) which is a tangent line to the graph of The 
degenerate Henon map F^ has zero exponential contraction along this 
curve. Hence, 

1 1 
lim - In \DF\xo)v\ = lim — In \DF''"{xo)v\ = 

t— >oo t ?i— s>oo tfi 

On a set of full measure in Xn there is no exponential contraction along 
the direction T{x). The line field T has exponent zero. □ 

The Hausdorff dimension of a measure /i on a metric space O is 
defined as 

HDJO) = inf HDiX). 

Theorem 10.11. The Hausdorff dimension of the invariant measure 
is universal 

HD^{Op) = HD,SOf,). 
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Proof. Let h : Op — > Op^ be a conjugation which exchanges the orbits 
of the tips. According to Theorem 110.41 there are sets X^v G Op with 
Ii{Xn) > 1 — O{0^) and on which is a (1 + /3)-diffeomorphism. 
The continuity of the derivative gives upper and lower bounds of the 
derivative. This imphes 

HD{h{XN))=HD{XN). 

Hence, for X = IJAr>i -^n and every Z C Op 

HD{h{X n Z)) = HD{X n Z). 

Let Ztv C Op with ^{Z^) = 1 and lim^^ao HD{Zj^) = HD^{Op) then 

HDJOp) > hm HD{Zn n X) 

N^oo 

= hm HD{h{ZNr\X)) 
>HD^SOf,), 

where the last inequality holds because /x*(/i(Z7v nX)) = fi^Z^nX) = 
1. The opposite inequality HDf^^{Op^) > HD^{Op) is obtained in the 
same way. □ 

Remark 10.6. We can identify the Hausdorff dimension of the measure 
on the Cantor attractor. Namely, 

In 2 



HD^iOp) 



J In \ Dr^\dfi^ 

where r^, is the analytic expanding one dimensional map constructed 
such that 7ri{Op^) is its invariant Cantor set, see for example |BMT] 
and references therein. The measure fi^ is the projected measure from 
Of,. 

Appendix: Open Problems 
Let us finish with some questions related to the previous discussion. 



Problem I: The collections P„, see (18. 7p . of good pieces that we have 
constructed are determined by the average Jacobian of the map. Ob- 
serve that SSn{0"') might be slightly larger than P„. It was suggested 
by Feigenbaum's experiment, mentioned in the introduction, that the 
statistics of the remaining bad pieces, might be governed by some uni- 
versality law. This problem is also related to one of the open problems 
in |CLM] on the regularity of the conjugation h : Op ^ Oq when 
bp = bo- 
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Problem II: Do wandering domains exist? This question was already 
formulated in |LMlj . It is included again because its solution might be 
obtained by using the techniques developed in this paper. 



Nomenclature 

bp average Jacobian, ^ 

-B" a piece of the ?T,*'*-renormalization cycle, ^ 

i3" collection of pieces in the n^'^-renormalization cycle, §3] 

i3"[A;] pieces of i3" in E^ |g] 

Bn{x) the piece in iS" containing x & Op 

B the piece B viewed from its proper scale, ^ Figure 14.21 

Dist(0) Distortion, ([331) 

Dk derivative of at the tip, (13. 5p 

5b thickness of 5, ^ 

Afi absolute thickness of 5, ^ 

part of a dynamical partition, ^ Figure 12. 14.11 

f^, unimodal renormalization fixed point, ^ 

Gk return map related to the partition hy E^, ^ Figure 12. 14.11 

ki{B) depth of the 2*'^-predecessor of 5, ^ Definition 17.21 

Ko(n) minimal depth to safely push-up, ^ and §7.11 

K{n) upper bound of the brute-force regime, ^ and Lemma [8.31 

l{k) maximal allowable depth, §1] 

Tj^ Nonlinearity, ( 13. 3 p 

Op invariant Cantor set of F, ^ 

if)'^^ coordinate changes related to the renormalization R{R^F), (13. ip 

ipj^ coordinate change, §3] 

coordinate change relating R"-~^{R^F) to i?", fl3.2p 

{k;q(),qi) collection of go, '?i-controlled pieces. Definition 17.21 

Vn pieces obtained by applying the three regimes, ^ and (18. 7p 

qojQi boundary one-dimensional regime, ^ and Lemma [8.41 

a scaling factor of the unimodal renormalization fixed point, ^ 

(Tb scaling factor oi B, ^ 

5'S'"(e) collection of pieces in i3" with e precision, ^ 

tfc tilt of the derivative of ip'^ at the tip, (13. 5p 

T tangent line field to Op, §TU] 

Tp tip, g3] 

X the differentiable part of Op, ^T0\ 
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